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Abstract A detailed experimental investigation and theoretical analysis
of the influence of quartz tuning forks (QTFs) sizes on the main physical
parameters controlling the QTF performance, namely the quality factor Q
and resonance frequency, is reported. An experimental setup was realized
in order to measure the Q factor and the resonance frequency of a set of
five QTFs vibrating at different air pressures. Both the fundamental and
the first overtone flexural modes were investigated. The resonance frequency
varies linearly with the air pressure, for both modes. For what concerns the
Q factor, air viscous damping is the dominant energy dissipation mechanism
for both flexural modes. Thermoelastic and support losses are additional
contribution that strongly depend on the QTF geometry. A final discussion
of QTF dimensions on the overall quality factor and on resonance frequency
is also reported.



Introduction

Since the 1960s, the quartz crystal tuning fork (QTF) has become a central
component for timing and frequency measurements, due to its high stability,
precision, and low power consumption. Today, these resonators are the most
commonly used electronic component when a stable frequency reference is
required for mass produced digital electronic devices such as clocks, smart-
phones, or telecommunication components. For time measurement applica-
tions, the QTFs geometry and crystal cut were optimized to maintain a se-
lected resonance frequency (typically 215 Hz ≈ 32kHz) in a wide temperature
range. Recently, the use of QTFs for other applications i.e., sensors in atomic
force (AFM) [1] [2] [3] [4] [5] and near-field optical microscopy [6]; optoacous-
tic gas sensing [7][8]; gas pressure, density and viscosity measurements[9];
high-resolution measurements of acceleration and velocity for accelerometer
and gyroscopes [10] have been reported. In these applications, the accurate
performance of resonators depends on the sensitivity of these devices to a
particular resonance frequency. This sensitivity is measured using the qual-
ity factor Q, which is the ratio of the total input energy into the device to the
energy dissipated within a vibration cycle. A higher quality factor indicates
a smaller resonance bandwidth, which makes the resonator more effective in
identifying a desired signal. It follows from the definition of the quality factor
that higher Q values result on reductions in dissipation losses. To improve
the design of these devices, it is important to know which factors contribute
to the energy dissipation. Dissipation losses occur through damping by the
ambient fluid, including viscous drag, anchor losses for physically-fixed de-
vices, thermoelastic damping, and other sources. With the aim to determine
the dependence of the QTF parameters and performance on their relevant
dimensions the author studied a set of QTFs with different values of spacing
between prongs, their length, and thickness, and crystal width, at different
air gas pressures. This investigation was performed for both the fundamental
and first overtone in-plane flexural mode.

The work is organized as follows. Chapter 1 deals with fundamental the-
ory of elasticity, used to derive the strain and stress tensor expression of a
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INTRODUCTION vi

bent cantilever beam. In chapter 2, the Euler-Bernoulli equation of a bent
cantilever beam is derived for the calculation of the resonance frequency of
a tuning fork vibrating at the in-plane flexural modes. Chapter 3 deals with
the piezoelectric properties of quartz. In chapter 4, the main damping mech-
anisms occurring in a vibrating cantilever beam are reported and discussed.
In chapter 5, the experimental setup employed to measure the resonance
frequency and quality factor of a QTF is described, and the experimental
results together with a detailed analysis is presented.

Finally, in Appendices are reported a schematic of the LabVIEW-based
software used to perform the characterization of the quartz tuning forks (Ap-
pendix A) and the principle of operation of a lock-in amplifier (Appendix B).



Chapter 1

Fundamental equations of theory
of elasticity

1.1 The strain tensor
The mechanics of solid bodies, regarded as a continuous media, forms the
content of the theory of elasticity.

With the action of applied forces, solid bodies can exhibit deformations,
i.e. change in shape and volume. The deformation of a body is described
mathematically in the following way. The position of a point in the body can
be defined by its radius vector ~r (with components xi) in some coordinate
system. When the body is deformed each point is displaced. Let us consider
a particular point; let its radius vector before the deformation be ~r; after
the deformation the point will have a different value ~r′ (with components
x′i). The displacement of the considered point due to the deformation is then
given by the vector ~u = ~r′ − ~r, with components:

ui = x′i − xi (1.1)

The vector ~u is called displacement vector. The coordinates x′i of the
displaced point are functions of the coordinates xi of the point before the
displacement. Therefore, the displacement vector ui is a function of xi.

When a body is deformed, the distances between consecutive points change.
Let us consider two consecutive points. If the radius vector connecting
them before the deformation is dxi, the radius vector connecting them is
dx′i = dxi + dui after the body deformation. The distance between the
two points is dl =

√
(dx1)2 + (dx2)2 + (dx3)2 before the deformation and

dl′ =
√

(dx′1)2 + (dx′2)2 + (dx′3)2 after it. Substituting dui = ∂ui
∂xk

dxk it is

1



CHAPTER 1. FUNDAMENTAL EQUATIONS OF THEORY OF ELASTICITY2

possible to write

dl′2 = dl2 + 2dxi
∂ui
∂xk

dxk +
∂ui
∂xk

∂ui
∂xl

dxkdxl (1.2)

Since the sum is over both suffixes i and k dl can be rewritten (1.2) as:

dl′2 = dl2 + (
∂ui
∂xk

+
∂uk
∂xi

)dxidxk +
∂ui
∂xk

∂ui
∂xl

dxkdxl (1.3)

If the suffixes i and l are interchanged, the final form will get:

dl′2 = dl2 + 2uikdxidxk (1.4)

where the tensor uik is defined as

uik =
1

2
(
∂ui
∂xk

+
∂uk
∂xi

+
∂ul
∂xk

∂ul
∂xi

) (1.5)

The tensor uik is called the strain tensor. The tensor is symmetric and
therefore can be diagonalized at any given point. This means that it is
possible to chose a coordinate system (the principal axes of the tensors)
in such way that only the diagonal components u11, u22, u33 of tensor uik
are different from zero. With this transformation, the principal values of
the strain tensor, will be denoted as u(1), u(2), u(3). If the strain tensor is
diagonalized at a given point, Eq. (1.2) becomes:

dl′2 = (δik + 2uik)dxidxk (1.6)

that can be rewritten as:

dl′2 = (1 + 2u(1))(dx1)2 + (1 + 2u(2))(dx2)2 + (1 + 2u(3))(dx3)2 (1.7)

This expression is the sum of three independent terms. This means that
is possible to identify independent strains in the three mutually orthogonal
directions, namely the principal axes of the strain tensor. Each indepen-
dent strain represent a simple extension (or a compression) in the corre-
sponding direction: the length dx1 along the first principal axis becomes
dx′1 =

√
1 + 2u(1)dx1 and similarly for the other two axes. The quantity√

1 + 2u(i) − 1 is therefore the relative extension (dx′i − dxi)/dxi along the
i-th axis.

For small deformations, the last term in Eq. (1.5) can be neglected and
the strain tensor is then given by

uik =
1

2
(
∂ui
∂xk

+
∂uk
∂xi

) (1.8)
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The relative extension of the elements of length along the principal axes of
the strain tensor (at a given point) can be simplified as

√
1 + 2u(i)−1 ≈ u(i).

Let us consider an infinitesimal volume element dV and let calculate the
volume dV ′ after the deformation. According to the discussion above, it
is possible to assume the principal axes of the strain tensor, at the point
considered, as the coordinate axes. Then the elements of length dx1, dx2, dx3

along these axes become, after the deformation, dx′1, dx′2, dx′3. Thus dV ′ =
dV (1 +u(1))(1 +u(2))(1 +u(3)). Neglecting higher order terms, dV ′ = dV (1 +
u(1) +u(2) +u(3)). The sum u(1) +u(2) +u(3) of the principal values of a tensor
is well known to be invariant, and it is equal to the sum of the diagonal
components u11 + u22 + u33 in any co-ordinate system. Thus

dV ′ = dV (1 + uii). (1.9)

In this way, the sum of the diagonal components of the strain tensor coincides
with the relative volume change (dV ′ − dV )/dV of an infinitesimal element
of the body.

1.2 The stress tensor
In a body that is not deformed, the molecular arrangement corresponds to
a thermodynamic state of internal equilibrium. In addiction, mechanical
equilibrium can be assumed. This means that, if some portion of the body
is considered, the sum of force acting on that portion is zero.

When a deformation occurs, the molecular arrangement changes, and
the body ceases to be in its original state of equilibrium. Therefore, forces
arise which tend to restore the body to equilibrium. These internal forces
occurring when a body is deformed are called internal stresses.

The internal stresses are due to molecular forces, i.e. interaction forces
between molecules. Such molecular forces act on very short distance, i.e. only
on distances of the same order as that between the molecules. In the theory
of elasticity, which is a macroscopic theory, the considered distances are
much larger compared with distances between consecutive molecules. Hence,
molecular forces can be neglected. Forces causing the internal stresses involve
only nearest neighbour points. Hence it follows that the forces exerted on
any part of the body by surrounding parts act only on the surface of that
part.

Let us consider the total force on a portion of the body. Firstly, the total
force is equal to the sum of all forces on volume elements in the considered
portion of the body, i.e. it can be written as the volume integral

∫∫∫
~FdV ,

where ~F is the force per unit volume and ~FdV the force on the volume
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element dV . As discussed above, these forces act on surface of the considered
part, and the resultant force can be represented as the sum forces acting on
all surface elements, i.e. as an integration over the surface.

Thus, for any portion of the body, each of the three components
∫∫∫

V
FidV

can be transformed into an integral over the surface. The integral of a scalar
over a volume can be transformed into an integral over the surface if the
scalar can be written as the divergence of a certain vector. The vector Fi
must be the divergence of a tensor of rank two:

Fi =
∂σi
∂xk

(1.10)

Then the force on any volume can be written as an integral over the closed
boundary of the considered volume:∫∫∫

V

FidV =

∫∫∫
V

∂σik
∂xk

dV =

∮
S

σikdSk (1.11)

where dSk are the components of the surface element vector d~S, directed
along the outward normal.

The tensor σik is called stress tensor.
From (1.11), σikdSk is the i-th component of the force on the surface

element d~S. By taking elements of area in the planes xy, yz, zx we find that
the component σik of the stress tensor is the i-th component of the force on
unit area perpendicular to k-thy axis.

The following remark should be made concerning the sign of the force
σikdSk. The surface integral in (1.11) is the force exerted on volume V
enclosed by the surface S by the surrounding parts of the body. The force
which this volume V exerts on the surface S is the same but with opposite
sign. Hence, for example, the force exerted by internal stresses on the surface
S of the body itself is −

∮
S
σikdSk, where the integral is taken over the surface

S of the body and d~S is along the outward normal.
Let us determine the moment of the forces on a portion of the body. The

moment of the force ~F can be written as an antisymmetrical tensor of rank
two, whose components are Fixk − Fkxi, where xi are the coordinates of the
point where the force is applied. Hence the moment of the forces on the
volume element dV is (Fixk−Fkxi)dV , and the moment of the forces on the
whole volume is Mik =

∫∫∫
(Fixk − Fkxi)dV . As the total force on a volume

V, this moment can be expressed as an integral over the surface bounding
the volume. Substituting the expression (1.10) for Fi, we get

Mik =

∫∫∫
V

(
∂σil
∂xl

xk −
∂σkl
∂xl

xi)dV. (1.12)
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This last expression can be rewritten as:

Mik =

∫∫∫
V

∂(σilxk − σklxi)
∂xl

dV −
∫∫∫

V

(
∂xk
∂xl

σil −
∂xi
∂xl

σkl)dV (1.13)

Taking into account that ∂xi
∂xk

= δik, where δik is the unity tensor we find

Mik =

∮
S

(σilxk − σklxi)dSl −
∫∫∫

(σik − σki)dV (1.14)

If Mik is to be an integral over the surface only, the second term must
vanish identically

σik = σki (1.15)

Thus the stress tensor is symmetric. The moment of forces on a portion
of the body can then be written simply as

Mik =

∮
S

(σilxk − σklxi)dSl. (1.16)

In the equilibrium the internal stresses in every volume element must
balance, i.e. Fi = 0. Thus the equations of equilibrium for a deformed body
are

∂σik
∂xk

= 0 (1.17)

The external forces applied to the surface of the body, the usual cause of
deformations, appear in the boundary conditions on the equations of equilib-
rium. Let ~P be the external force on unit area of the surface of the body, so
that a force ~PdS acts on a surface element dS. In equilibrium, this must be
balanced by the force −σikdSk of the internal stresses acting on that element.
Thus we must have

PidS − σiknkdS = 0. (1.18)

This condition must be satisfied at every point on the surface of a body
in equilibrium.

1.3 Hooke’s law
The application of the general formulae of thermodynamics to any particular
case, requires the knowledge of the free Helmotz energy F of the body as
function of the strain tensor. This expression can be calculated considering
the deformation small and expanding the free energy in powers of uik.
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The undeformed state is defined as the state of the body in the absence of
external forces and at the same temperature; Then, for uik = 0, the internal
stresses are zero, i.e. σik = 0. Since σik = ∂F

∂uik
, it follows that there is no

linear term in the expansion of F in powers of uik.
Moreover, since the free energy is a scalar, each term in the expansion of

F must be a scalar. Two independent scalars of the second degree can be
taken from the components of the symmetrical tensor uik: they can be the
squared sum of the diagonal components (uii)

2 and the sum of the squares
of all the components (uik)

2. Expanding F in powers of uik

F = F0 +
1

2
λu2

ii + µu2
ik (1.19)

This is the general expression for the free energy of a deformed isotropic
medium. The quantity λ and µ are called the Lamé coefficients.

As can be seen from section (1.1), the relative change in volume after
a deformation is given by the sum uii of diagonal components of the strain
tensor. If this sum is zero, then the volume of the body is unchanged after
the deformation, only its shape is altered. Such a deformation is called a
pure shear.

The opposite case is that of a deformation causing a change in the volume
of the body but not a change in its shape. Each volume element of the body
retain its shape. The tensor of such a deformation is uik = constant ×δik
and it is called a hydrostatic compression.

Any deformation can be represented as the sum of a pure shear and a
pure hydrostatic compression:

uik = (uik −
1

3
δikull) +

1

3
δikull (1.20)

The first term on the right is a pure shear, since the sum of its diagonal
terms is zero (δll = 3). The second one is a hydrostatic compression.

As a general expression for the free energy of a deformed isotropic body,
it is convenient to replace (1.19) by another expression, using decomposition
of an arbitrary deformation into a pure shear and a hydrostatic compression.
Then F becomes

F = µ(uik −
1

3
δikull)

2 +
1

2
Ku2

ll. (1.21)

The quantities K and µ are called respectively the modulus of hydrostatic
compression and the modulus of rigidity. K is related to the Lamé coefficient
by

K = λ+
2

3
µ. (1.22)
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In a state of thermodynamic equilibrium, the free energy is a minimum.
If no external forces act on the body, then F as a function of uik must have
a minimum for uik = 0. This means that the quadratic form (1.21) must be
positive. If the tensor uik is such that ull = 0 only the first term in (1.21)
remains; if, on the other hand, the tensor is of the form of a pure compression
then only the second term remains. Hence it follows that a necessary and
sufficient condition for (1.21) to be positive is:

K > 0, µ > 0. (1.23)

From the general thermodynamic relation σik = ( ∂F
∂uik

)T is possible to
determine the stress tensor. The derivatives ∂F

∂uik
can be calculated by total

differentiating dF (at constant temperature):

dF = Kulldull + 2µ(uik −
1

3
δikull)d(uik −

1

3
δikull) (1.24)

In the second term, multiplication of the first parenthesis by δik vanishes,
leaving

dF = Kulldull + 2µ(uik −
1

3
δikull)duik, (1.25)

or writing dull = δikuik

dF = (Kullδik + 2µ(uik −
1

3
δikull))duik. (1.26)

Hence the stress tensor is

σik = (Kullδik + 2µ(uik −
1

3
δikull)). (1.27)

It is not difficult to get the converse formula which expresses uik in terms
of σik. It is useful to calculate the sum σii of the diagonal terms. Since this
sum vanishes for the second term of (1.27), it follows σii = 3Kuii, or

uii = σii/3K. (1.28)

Substituting this expression in (1.27):

uik = δikσll/9K + (σik −
1

3
δikσll)/2µ, (1.29)

Equation (1.27) shows that the relative change in volume (ull) in any de-
formation of an isotropic body depends only on the sum σll of the diagonal
components of the stress tensor, and the relation between ull and σll is de-
termined only by the modulus of hydrostatic compression.

From (1.27) it follows that the strain tensor is a linear function of the
stress tensor σik. The deformation is proportional to the applied forces. This
law, valid in the limit of small deformations, is called Hooke’s law.
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1.4 Homogeneous deformation of a beam
Let us consider some simple cases of what are called homogeneous deforma-
tions, i.e. those in which the strain tensor is constant throughout the volume
of the body. For example, the hydrostatic compression already considered is
a homogeneous deformation.

Let us consider a simple extension (or a compression) of a beam. Let
the beam be along the z-direction, and let the forces be applied to its ends
which stretch in the both directions. These forces act uniformly over the end
surfaces of the beam; let the force per unit area be p.

Since the deformation is homogeneous, the stress σik is constant and it
can be determined from the boundary condition (1.18). There is no external
force on the sides of the rod, and therefore σiknk = 0. Since the unit vector
~n on the side of the beam is perpendicular to the z-axis, i.e. nz = 0, it
follows that all the components σik except σzz are zero. On the end surface
σizni = p, or σzz = p.

From the general expression (1.29) it can be seen that all the components
uik with i 6= j vanish. For the remaining components:

uzz =
1

3
(

1

3K
+

1

µ
) (1.30)

uxx = uyy = −1

3
(

1

2µ
+

1

3K
) (1.31)

The component uzz is the relative lengthening of the beam. The coeffi-
cient of p is called the coefficient of extension, and its reciprocal is called the
modulus of extension or the Young’s modulus, E:

uzz = p/E, (1.32)

where
E = 9Kµ/(3K + µ). (1.33)

The components uxx and uyy give the relative compression of the rod
in the transverse direction. The ratio of the transverse compression of the
longitudinal extension is called Poisson’s ratio, ν:

uxx = −νuzz, (1.34)

where
ν =

1

2
(3K − 2µ)/(3K + µ). (1.35)
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Since K and µ are always positive, Poisson’s ratio can vary in the range:

−1 ≤ ν ≤ 1

2
(1.36)

Finally the relative increase in the volume in the rod is:

ull = p/3K. (1.37)

The free energy of a stretched rod can be obtained immediately from
expression F = 1

2
σikuik. This latter expression is valid only if Hooke’s law is

valid. Since the only non-vanishing component of the strain tensor is σzz, we
have F = 1

2
σzzuzz, whence

F = p2/2E. (1.38)

Inverting Eq. (1.33) and Eq. (1.35) :

µ = E/2(1 + ν), K = E/3(1− 2ν) (1.39)

It is useful to write the following relations expressed in terms of E and ν.
The free energy is:

F =
E

2(1 + ν)

(
u2
ik +

ν

1− 2ν
u2
ll

)
(1.40)

The stress tensor can be given in terms of the strain tensors by

σik =
E

1 + ν

(
uik +

ν

1− 2ν
ullδik

)
(1.41)

Conversely,
uik = ((1 + ν)σik − νσllδik))/E (1.42)

Eq. (1.41) and (1.42) can be expressed as:
σxx = E

(1+ν)(1−2ν)
((1− ν)uxx + ν(uyy + uzz)),

σyy = E
(1+ν)(1−2ν)

((1− ν)uyy + ν(uxx + uzz)),

σzz = E
(1+ν)(1−2ν)

((1− ν)uzz + ν(uyy + uxx)),

σxy = E
(1+ν)

uxy, σzy = E
(1+ν)

uzy, σxz = E
(1+ν)

uxz

(1.43)

and conversely

uxx =
1

E
(σxx − ν(σyy + σzz)) (1.44)
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uxx = 1

E
(σxx − ν(σyy + σzz)),

uyy = 1
E

(σyy − ν(σxx + σzz)),

uzz = 1
E

(σzz − ν(σyy + σxx)),

uxy = 1+ν
E
σxy, uzy = E

(1+ν)
σzy, uxz = E

(1+ν)
σxz

(1.45)

These latter expression will be useful to derive the equation of dynamics of
a cantilever beam.



Chapter 2

The Euler-Bernoulli cantilever
beam theory

This chapter is aimed to derive the equation of Euler-Bernoulli describing the
dynamic of a bent cantilever beam and shows the solutions for a clamped-
free beam. Sections (3.1-3) derive the Euler-Bernoulli (EB) equation from
the theory of elasticity applied for a thin beam. Section (3.4) introduces
the eigenfunctions and eigenvalues of the EB equation for a clamped-free
problem neglecting damping mechanisms. Section (3.5) introduces an elastic
approximation of the dynamics of a cantilever beam and introduce the notion
of Q-factor. Section (3.6) discusses the damped Euler-Bernoulli equation.

2.1 Bending of cantilever beams
When a cantilever beam is bent, it is stretched at some points and compressed
at others. Lines on the convex side of the bent beam are extended, and those
on the concave side are compressed. There is a neutral surface in the beam,
which undergoes neither extension nor compression. It separates the region
of compression from the region of extension.

Let us begin to investigate a bending deformation in a small portion
of the length of the beam, where the bending may be supposed tiny; here
the strain tensor uij (with i,j=x,y,z), the stress tensor σij defined in (1.2)
and (1.11) and the magnitude of the displacements of points in the beam
are supposed to be small. A coordinate system is fixed with the origin on
the neutral surface in the portion considered, and the z-axis parallel to the
beam axis of the undeformed beam. In this way, the bending occurs in the
zx-plane. The external forces on the sides of the bent beam are assumed
small compared with internal stresses, and be taken zero in determining

11



CHAPTER 2. THE EULER-BERNOULLI CANTILEVER BEAM THEORY12

the boundary conditions (1.18) at the sides of the beam. Hence, we have
everywhere in the beam σiknk = 0, or, since nz = 0 along the sides of the
beam, σixnx + σiyny = 0 for i = x, y, z, where ~n = (nx, ny, nz) is the normal
unit vector to a given cross-section parallel to z-axis.

Let us consider a point of the cross section for which the normal ~n is
parallel to the x-axis. There will a point somewhere on the opposite side of
the beam with the same condition. At both these points we have ny = 0,
and the above equations give σxx. Since the cantilever beam is thin (i.e., the
dimension parallel to z-axis is much greater then the other dimensions), σxx
must be small everywhere in the beam. In similar manner, it is easy to show
that the only non-zero component of the tensor σik is σzz. Hence, there is an
extension or compression in every volume element of the bent beam varying
point by point in every cross section, and thus the whole beam is bent.

It is easy to determine the relative extension at any point in the beam. Let
us consider an element of length dz parallel to the z-axis and near the origin.
On bending, the length of this element becomes dz’. The only elements which
remain unchanged are those on the neutral surface. Let R be the radius of
curvature of the neutral surface near the origin. The length dz and dz’ can
be regarded as elements of arcs of circles whose radii are respectively R and
R + x, where x is the coordinate of the point where dz’ lies. Hence:

dz′ =
R + x

R
dz = (1 + x/R)dz (2.1)

The relative extension is therefore (dz′ − dz)/dz = x/R. The relative
extension of the element dz, however, is equal to the component uzz of the
strain tensor. Thus

uzz = x/R. (2.2)

The stress tensor component σzz can be determined by using the relation
σzz = Euzz which holds for a simple extension. This gives

σzz = Ex/R. (2.3)

The position of the neutral surface in a bent beam has now to be deter-
mined. Let’s assume that the deformation is a pure bending, with no general
extension or compression of the beam. The total internal stress force on a
cross-section of the beam must therefore be zero, i.e. the integral

∫∫
S
σzzdS

taken over the cross-section S perpendicular to the axis of the beam, must
vanish. Using (2.3) for σzz, we obtain the condition∫∫

S

xdS = 0 (2.4)
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Let’s move to the centre of mass of the cross-section, which is that of a
uniform flat disc of the same shape. The coordinates of the centre of mass are
given by the integrals

∫∫
S
xdS/

∫∫
S
dS,

∫∫
S
ydS/

∫∫
S
dS and

∫∫
S
zdS/

∫∫
S
dS.

Thus the condition (2.4) implies that, in a co-ordinate system with the origin
in the neutral surface, the x coordinate of the centre of mass vanishes. The
neutral surface therefore passes through the centre of mass of the cross-section
of the beam.

Two components of the strain tensor besides uzz are non zero, since for a
simple extension we have uxx = uyy = −νuzz, where ν is the Poisson ratio.
Knowing the strain tensor, we can also find the displacement:

uzz =
∂uz
∂z

=
x

R
,
∂ux
∂x

=
∂uy
∂y

= −νx
R

(2.5)

∂uz
∂x

+
∂ux
∂z

= 0,
∂uz
∂y

+
∂uy
∂z

= 0,
∂uy
∂x

+
∂ux
∂y

= 0 (2.6)

Integration of these equations gives the following expressions for the com-
ponents ux, uy, uz of the displacement ~u:

ux =
1

2R
(z2 + ν(x2 − y2)) (2.7)

uy = −νxy/R (2.8)

uz = xz/R (2.9)

The constants of integration have been equal to zero, that means the
origin the system has been fixed.

This set of equations shows that the points on a cross-section z=z0 will be
found, after the deformation, on the surface z = z0 +uz = z0(1+x/R) while,
the cross-sections remain plane and are turned through an angle relative to
their initial positions.

The free energy per unit volume of the beam is

1

2
σikuik =

1

2
σzzuzz =

1

2
E
x2

R2
(2.10)

By integrating over the cross-section of the beam, we have∫∫
S

1

2
E
x2

R2
dS =

1

2

E

R2

∫∫
S

x2dS (2.11)

This is the free energy per unit length of a bent beam. The radius of
curvature R is that of the neutral surface. However, since the beam is thin,
R can be here regarded as the radius of curvature of the bent beam itself.
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In the expression (2.11) it is convenient to introduce the moment of inertia
of the cross-section. The moment of inertia about the y-axis in its plane is
defined as

Iy =

∫∫
x2dS (2.12)

analogously to the ordinary moment of inertia, but with surface element dS
instead of the mass element. Then the free energy per unit length can be
expressed as

1

2
EIy/R

2 (2.13)

It is possible to determine the moment of the internal stress forces on a given
cross-section. A force σzzdS acts in the z-direction on the surface element
dS of the cross section. The related moment about y-axis is xσzzdS. Hence,
the total moment of the forces about this axis is

My =

∫∫
xσzzdS =

E

R

∫∫
x2dS = EIy/R (2.14)

Thus the curvature 1/R of the beam is proportional to the bending mo-
ment on the cross-section concerned.

If the cross section is rectangular (with sides w and T), its centre of mass
is at the centre of the rectangle, and the principal axes of inertia are parallel
to the sides. The principal moments of inertia are

Ix = w3T/12, Iy = wT 3/12 (2.15)

2.2 The energy of a deformed beam
In the previous section we focused on a small section along the length of a
bent beam. In going on to investigate the deformation throughout the beam,
we need to find a suitable method for describing the deformation. It is worth
noticing that, when a beam undergoes a large bending deflections, there is
in general a twisting of it as well, so that the deformation is a combination
of a pure bending and torsion.

To describe the deformation, it is convenient to proceed as follows. The
rod can be divided into infinitesimal elements, each one of them is bounded
by two adjacent cross sections. For each element, we introduce a coordinate
system (ξ,η, ζ) properly chosen in order that the systems are parallel in the
undeformed state, and their ζ axes are parallel to the axis of the beam (z-
axis). When the beam is bent, the coordinate system is rotated. In this
way, every two adjacent systems are rotated through an infinitesimal relative
angle.
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Let d~Φ be the vector of the angle of relative rotation of two adjacent
systems at a distance dl apart along the beam (an infinitesimal angle could
be treated as a vector parallel to the axis of rotation).

The deformation can be described by using the vector:

~Ω =
d~Φ

dl
(2.16)

which gives the ”rate” of rotation of the coordinate axes along the beam.
If the deformation is a pure torsion, the coordinate system rotates about the
ζ-axis, i.e. the axis of the beam. In this case, therefore, the vector ~Ω is
parallel to the axis of the beam, as a torsion angle. Correspondingly, the ζ
component Ωζ of ~Ω, the torsion angle as well. For a pure bending of the beam
in a plane, the vector ~Ω has no ζ component. If the ξζ-plane is assumed the
plane of bending, the rotation is around the η-axis at every point.

By defining ~t as the unit vector tangential to the beam (regarded as a
line) the derivative d~t/dl is the curvature vector of the beam; its magnitude
is 1/R, where R is the radius of curvature, and its direction is equal to the
normal to the beam. The change in a vector due to infinitesimal rotation
is equal to the vector product of the rotation vector and the vector itself.
Hence the change in the vector ~t between two neighbouring points of the line
is given by:

d~t/dl = ~Ω× ~t (2.17)

Multiplying this equation vectorially by ~t, we have

~Ω = ~t× d~t/dl + ~t (~t · ~Ω) (2.18)

The direction of the tangent vector at any point is the same as that of
the ζ-axis at that point. Hence (~t · ~Ω) = Ωζ . Using the unit vector ~n along
the principal normal (~n = Rd~t/dl) we can therefore put

~Ω = ~t× ~n/R + ~tΩζ (2.19)

The first term on the right is a vector with two components Ωξ,Ωη. By
using the vector ~Ω to characterize the deformation and ascertaining its prop-
erties, we can derive an expression for the classical elastic free energy of a
bent beam. The elastic energy per unit length of the beam is a quadratic
function of the deformation, i.e., in this case, a quadratic function of the
vector ~Ω. It is easy to see that there can be no terms in this quadratic func-
tion proportional to ΩξΩζ and ΩηΩζ . For, since the beam is uniform along
its length, all quantities, and in particular the energy, must remain constant
after the inversion of the ζ-axis.
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For Ωξ = Ωη = 0 we have a pure torsion, and the expression for the
energy must be 1

2
CΩ2

ζ .
Finally, the terms quadratic in Ωξ and Ωη can be obtained by starting

from the expression F = 1
2
EI/R2 of a slightly bent short section of a beam.

For an arbitrary choice of the ξ and η axes this expression becomes:

1

2
E(IηηΩ

2
η + IξξΩ

2
ξ + 2IξηΩξΩη) (2.20)

where Iηη, Iξη, Iξξ are the component of the inertia tensor of the cross section
of the beam. It is convenient to choice the ξ and the η axes to be parallel
to the principal axes of inertia. Then we have simply 1

2
E(IηηΩ

2
η + IξξΩ

2
ξ),

where Iηη and Iξξ are the principal moments of inertia. Since the coefficients
of Ωξ and Ωη are constant, the resulting expression must be valid for large
deflection also.

Finally, integrating over the length of the beam, we obtain the following
expression for the elastic free energy of a bent beam:

F =

∫
L

(
1

2
E(IηΩ

2
η + IξΩ

2
ξ + CΩ2

ζ))dl (2.21)

Next, we express in terms of ~Ω the moment of forces acting on a cross
section of the beam. This can be easily done by partial derivative of the free
elastic energy per unit length:

∂

∂Ωξ

(
1

2
E(IηΩ

2
η + IξΩ

2
ξ) + CΩ2

ζ)) (2.22)

In such way, it follows:

Mξ = EIξΩξ, Mη = EIηΩη, Mζ = ECΩζ (2.23)

The elastic free energy can be expressed in the following way:

F =

∫
L

(
M2

η

2EIη
+

M2
ξ

2EIξ
+

M2
ζ

2EC
)dl (2.24)

An important case of bending of beams is that of slightly bending, in
which the deviation from the initial position is everywhere small compared
with the length L of the beam. In this case, torsion can be supposed to be
absent and we can put Ωζ = 0, so that equation (2.18) gives simply:

~Ω = ~t× ~n/R = ~t× d~t/dl (2.25)
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We take a coordinate system x,y,z fixed in space, with z axis along the
axis of the undeformed beam, and denote by X,Y the coordinate x and y for
points on the elastic line. X and Y give the displacements of points on the
line from their position before the deformation.

Since the bending is only slight, the tangent vector is almost parallel to
z-axis, and the difference in direction can be approximately neglected. The
unit tangent vector is the derivative ~t = d~r/dl of the radius vector ~r of a
point on the curve respect with to its length. Hence:

d~t/dl = d2~r/dl2 ≈ d2~r/dz2 (2.26)

the derivative respect to the length can be replaced with the derivative with
respect to z. In particular, the x and y component of the vector d2~r/dz2 are
respectively d2X/dz2 and d2Y/dz2.

The components Ωξ and Ωη can be renamed as Ωx and Ωy, respectively.
From equation (2.25), we obtain:

Ωx = −d2Y/dz2, Ωy = −d2X/dz2, (2.27)

Substituting these expression in (2.20), we obtain the elastic free energy
of a slightly bent beam in the form:

F =

∫
L

1

2
E(I1(

d2Y

dz2
)2 + I2(

d2X

dz2
)2) (2.28)

2.3 The Euler-Bernoulli equation
We can now derive the Euler-Bernoulli equation. Let us consider again an
infinitesimal element bounded by two adjoining cross-sections of the beam,
and calculate the total force acting on it. We denote by ~F the resultant
internal stress on a cross section. The components of this this vector are the
integrals of σßζ over the cross section S:

Fi =

∫∫
S

σiζdS (2.29)

If we regard the two adjoining cross-sections as the end of the element, a
force ~F + d~F acts on the upper end, and −~F on the lower end; the sum of
these is the differential d~F . Next, let ~K be the external force on the beam
per unit length. Then an external force ~Kdl acts on the element of length
dl- the resultant of the forces on the element is therefore d~F + ~Kdl. This
must be zero in equilibrium. Thus we have:

d~F

dl
= − ~K (2.30)
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A second equation is obtained from the condition that the total moment
of forces on the element is zero. Let ~M be the moment of the internal stresses
on the cross-section. This is the moment about the origin which lies in the
plane of the cross section; its components are given by (2.23). We shall
calculate the total moment, about the origin O positioned at the upper end
of length element. Then the internal stresses on this end give a moment
~M + d ~M . The moment about O of the internal stresses on the lower end of
the element is composed of the moment − ~M of those forces about the origin
O’ in the plane of the lower end and the moment about O of the total force
−~F on that end. This latter moment is −d~l × −~F , where d~l is the vector
of the element of length of the beam between O’ and O. The moment due
to external forces ~K is of higher order of smallness. Thus the total moment
acting on the element considered is d ~M + d~l × ~F . In equilibrium, this must
be zero:

d ~M + d~l × ~F = 0. (2.31)

Dividing this equation by dl and using that d~l/dl = ~t is the unit vector
tangential to the beam (regarded as a line), we get:

d ~M/dl + ~t× ~F = 0 (2.32)

Differentiating with respect to the length l, we have:

d2 ~M

dl2
+
d~t

dl
× ~F + ~t× d~F

dl
= 0 (2.33)

The second term on the left contains the small quantity d~t
dl

which can be
neglected when the bending is slight. Hence we can write:

d2 ~M

dl2
+ ~t× d~F

dl
= 0 (2.34)

Substituting d~F
dl

= − ~K we have:

d2 ~M

dl2
= ~t× ~K (2.35)

We write this equation in components, substituting in it from (2.23) and
(2.27)

Mx = −EIx
d2Y

dz2
, My = EIy

d2X

dz2
, Mz = 0. (2.36)

The unit vector ~t can be assumed parallel to z-axis. Then we obtain the
Euler-Bernoulli equations:

EIy
d4X

dz4
−Kx = 0, EIx

d4Y

dz4
−Ky = 0. (2.37)
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These equations gives the deflections X and Y as a function of z, i.e. the
shape of a slightly bent beam.

The stress resultant ~F on a cross section of a beam can be expressed in
terms of the derivatives of X and Y. Substituting (2.36) in equation (2.34)
we get:

Fx =
dMy

dz
, Fy = −dMx

dz
(2.38)

This latter equation can be rewritten as :

Fx = −EIy
d3X

dz3
, Fy = −EIx

d3Y

dz3
. (2.39)

The force (2.39) is called shearing force. The quantities EIx and EIy are
called flexural rigidities of the beam in the yz and xz plane respectively.

The dynamic equations of a slightly bent beam without a load are ob-
tained by replacing −Kx and −Ky in the equation of equilibrium of the beam
(2.37) by ρS d2X

dt2
and ρS d2Y

dt2
respectively.

EIy
d4X

dz4
+ ρS

d2X

dt2
= 0, EIx

d4Y

dz4
+ ρS

d2Y

dt2
= 0, (2.40)

where ρS is the mass per unit length of the beam, d2X
dt2

and d2Y
dt2

are the
components of the acceleration x of the point P in z.

2.4 Solutions of Euler-Bernoulli equation ap-
plied to QTFs

The Quartz tuning fork (QTF) imployed in QEPAS spectroscopy can be
viewed as two identical cantilevers coupled by a low-loss quartz bridge. The
normal mode vibrations of the two prongs can be classified as in phase (sym-
metric) and out of phase (antisymmetric). The first flexural two eigenstates
are antisymmetric modes in which the oscillation of the two prongs op-
poses one another and a symmetric ones in which they oscillate together
in unison. In the limit of zero coupling between the two prongs, these two
modes have degenerate eigenfrequencies. Coupling produced by the low-
loss quartz bridge splits this degeneracy, pushing the antisymmetric eigenfre-
quency above its symmetric counterpart (about 4 kHz, thus it has a resonance
at around ≈ 28kHz) [13] [14].

The resonant frequencies of the QTF can be calculated in the approxima-
tion of independent cantilever vibrating in the in-plane modes. Each prong
of the tuning fork can be treated as a clamped beam. Assuming that the two
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Figure 2.1: The graphs (a) and (b) plot (2.49) for the fundamental and first
overtone mode respectively. The Abscissae represent the normalized distance
of a point P from the support and the Ordinates represent the amplitude of
the lateral amplitudes expressed in arbitrary unit.

beams have an elastic response, thus, when an applied force is removed, they
will return to its original shape. Furthermore, the elastic modulus E, iner-
tia and cross sectional area I are assumed constant along the beam length.
According to the Euler-Bernoulli approximation, the description of the vi-
bration is given by the following 4-th order differential equation:

ρTw
∂2X

∂t2
+ EIy

∂4X

∂z4
= 0 (2.41)

where E is the Young Modulus, ρ is the volume density of quartz, Tw
is the beam’s cross sectional area, Iy is known as second moment of beam’s
cross sectional area

∫ ∫
x2dxdy = 1

12
wT 3, x and z are the directions in the

QTF plane and t is the time. The product EI is usually referred as flexural
rigidity. The flexural rigidity, the cross sectional area and the volume density
are assumed to be constant along the whole beam.

It’s important to stress thatX(z) means the displacement along the trans-
verse axis x of the point P in z. The first derivative of the displacement dX

dz

means the slope at the point P in x position. As previously shown, the radius
of curvature is related to the second derivative of displacement X as:

d2X

dz2
=

1

R
(2.42)

and through this reason d2X
dz2

is usually referred as curvature of the beam. As
shown in equation (2.36) the moment of internal stresses acting in point P
in z is proportional to the curvature of the beam 1/R. The third derivative
of X is proportional to the shearing force acting on the point P of coordinate
z.
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Figure 2.2: (a) Schematic of a custom QTF employed in this work. L =
17mm and T = 1mm. (b) Lateral displacement of the prongs for the QTF
flexural mode, calculated as a function of the distance form the support, d
and normalized with respect the maximum value occurring at d = 17mm.
(c) Lateral displacement for the QTF first overtone mode, calculated as a
function of d and normalized respect to the maximum value occurring at
d = 17mm. Blue circles represent the point mass subsystems. Illustrations
representing the deformations of the QTF are shown in panels (b) and (c).
A courtesy of [15].

Equation (2.41) can be solved by separation of variables, assuming that
the displacement can be separated into two parts; one that depends on posi-
tion and the other on time:

X(z, t) = e−iωtX(z) (2.43)

This leads to a simplified differential equation for the y direction:

−ρwTω2X + EIy
∂4X

∂z4
= 0 (2.44)

The general solution of (2.44) is a linear combination of trigonometric equa-
tions:

X(z) = Acos(kz) +Bcosh(kz) + Csin(kz) +Dsinh(kz) (2.45)

where k = ω2ρA
EI

is called wavenumber.
As mentioned before, eq. (2.44) is an ordinary 4-th order differential

equation, then to have a unique solution four boundary condition are needed.
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These boundary conditions come from the support of the QTF. The fixed
end in z = 0 must have zero displacement and zero slope due to the clamp,
while the free end cannot have a bending moment either a shearing force in
z = L (free-clamped boundary conditions). Such boundary condition can be
written as follow:

X(0) =
dX(0)

dz
=
d2X(L)

dz2
=
d3X(L)

dz3
= 0 (2.46)

These boundary conditions leads to the frequency equation for the can-
tilever beam:

cos(kL)cosh(kL) = −1 (2.47)

This non linear equation can be solved numerically, leading to an estimation
of the eigenfrequencies of the QTF flexural modes:

fn =
πT

8
√

12L2

√
E

ρ
ν2
n (2.48)

The boundary conditions can be used to determine the mode shapes from
the solution for the displacement X(z):

Xn(z) = A((cosh(knz)−cos(knz))−(
cosh(knL) + cos(knL)

sinh(knL) + sin(knL)
)(sinh(knz)−sin(knz)))

(2.49)
The first solutions of (2.47) are shown in the following tab.

Eigenmode νn

0 1.194
1 2.988
2 5
3 7
4 9
5 11

Figure 2.1 shows the plots of (2.49) related to the fundamental and first over-
tone flexural mode of a single cantilever prong. Figure 2.2 shows a schematic
of a QTF employed in this work and the lateral displacements in function of
distance along z axis calculated using COMSOL Multiphysics software[15].
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2.5 The effective mass harmonic oscillator model
When driven at its resonance frequency, the arms of the tuning fork oscillate
in resonance along x-axis. In this section we calculate the free end position
XL at z = L of a QTF arm when it is externally excited. The rigorous
approach to this problem would be to solve a Euler Bernoulli equation with
in addition a lossy term to take into account energy loss within the device
or due to interaction with the surrounding medium. In this section we will
not take this route, since the dynamic of a QTF with high quality factor can
be described as a one dimensional harmonic oscillator. For small amplitudes
xL(t), each arm of the tuning fork can be though as a spring with elastic
constant kel. Consequently, xL(t) is the solution of an effective harmonic
oscillator equation of motion driven at angular frequency ω. The equation
of motion for such an oscillator is then simply:

mn
∂2XL

∂t2
+mnβn

∂XL

∂t
+ kelXL = F exp(iωt) (2.50)

where mn is an effective mass to be determined and F is the mechanical
driving force imposed by adjusting the driving voltage on the fork’s contact
pads. mnβ

∂XL

∂t
is a lossy term proportional to the transverse velocity of the

free end of the beam. It represent the drag force opposing to motion of
the fork arms, i.e. a viscous force characterized by the phenomenological
parameter β.

The elastic constant of the QTF can be found from equation (2.36) related
to the y-component of bending momentum:

∂2X

∂z2
= M(z)/EIy (2.51)

In case of static deformation, the bending momentum due to the external
force is My(z) = F (L− y). Solving in this case the equation (2.36) we get:

X(z) =
z2

6EIy
(3L− z)F =

2z2

ET 3w
(3L− z)F (2.52)

Then for z=L it follows:

X(L) = XL =
4L3

ET 3w
F (2.53)

This gives the relevant design formula for the static spring constant of
the tuning fork arms:

kel = wE
T 3

4L3
(2.54)
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The effective mass mn is chosen so that the resonant frequency fn of this
harmonic oscillator matches the resonant frequencies given by (2.48). This
condition is fulfilled by writing:

2πfn = ωn = (kel/mn)
1
2 (2.55)

Replacing kel by its expression, and using equation (2.48) for the funda-
mental and first overtone eigenmode we get:

m0 = 3m/(
π

2
ν0)4 = 0.2427m (2.56)

m1 = 3m/(
π

2
ν1)4 = 0.00631m (2.57)

where m = ρLTw is mass of one arm of the fork.
The equation of motion (2.50) is trivially solved in the limit of small drag

force, This limit correspond to the realistic condition βn << ωn. In this case,
the time dependence of XL(t) is simply XL exp(iωt). From equation (2.50)
we get:

XL(t) =
F

m0

1

(ω2
n − ω2) + iβnω

exp(iωt) (2.58)

In the limit βn << ωn we can assume ωn ≈ ω. Hence, we can rewrite last
equation as:

XL(t) =
F

m0

1

2ωn(ωn − ω) + iβnωn
exp(iωt) (2.59)

The above equation shows that the oscillation amplitude of the free end is
a Lorentzian shaped peak function of frequency with a maximum at ω = ωn.
This is a result which is routinely verified to great experimental accuracy
during the present work.

A Lorentzian shaped resonance can be entirely characterized by its reso-
nance frequency, its full-width-half-maximum FWHM and its amplitude A.
At this point we can define the quality factor of a QTF, the so-called Q-factor:

Q = f/FWHM (2.60)

This definition is practical since FWHM and resonance frequency are
directly measurable quantities unlike β.

2.6 Vibration of a QTF in a fluid medium
Let us consider now a QTF vibrating in a fluid medium. The vibration will
induce a motion of the fluid, and thus the QFT will experience an energy
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loss (part of the energy is transferred to the fluid or to the bulk) and an
additional inertia. Therefore this situation can be modelled by adding a
reaction force of the fluid made of two terms: a resistive term (which leads
to energy dissipation by acoustic loss) and a reactive term (which leads to
the additional inertia of the QTF).

Taking into account these effects, the equation of motion of a QTF arm
becomes:

EIy
∂4X

∂z4
+ Cd

∂X

∂t
+ (ρTw + u)

∂2X

∂t2
= 0 (2.61)

where Cd is the damping parameter, which accounts for energy loss and u is
the added mass per unit length.

If the damping parameter is negligible, the extra mass term causes a shift
in the resonant frequencies of the QTF flexural modes as:

fn =
π

8L2

√
EIy

ρTw + u
ν2
n (2.62)

which can be rewritten as:

fn(u) = fn(0)
1√

1 + u
ρTw

. (2.63)

If the relation u << ρTw is verified, then it is possible to approximate
the latter equation as:

fn(u) = fn(0)(1− 1

2

u

ρTw
). (2.64)

The resonance frequency shift can be calculated from Sader’s analysis[16] for
the fundamental flexural mode, which states that the added mass has the
form:

u(ρa) = 2ρaw
2Re(Γ(Re)) (2.65)

where Re(Γ(Re)) is the real part of a complex function of the Reynolds
number Re known as hydrodynamic function and ρa is the density of the
surrounding medium.

The added mass u is proportional to the density of the medium even for
the overtone mode. Since the direct proportionality between the pressure
and the density of a gas, it follows that the added mass is proportional to
the pressure of the surrounding medium:

u ∝ p (2.66)

This relation allows to rewrite equation (2.64) in the following way:

fn(p) = fn(0)− kpp (2.67)

This result has been routinely observed, as it can be seen further.
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2.7 Why use a QTF and not a simple quartz
cantilever beam?

The analysis we derived above is valid for a cantilever beam. One could
therefore argue that it would be enough to use a cantilever quartz beam of
the size of the fork’s prong as a sensor. However, in exact same condition, the
tuning fork typically provide a Q-factor that is far superior to that of a single
cantilever. This leads to improved sensitivity of the fork when employed to
perform QEPAS spectroscopy. A tuning fork is a system of two coupled
cantilever oscillating in opposition. The result is that in spite of its arms
motion, the center of mass remains still. In contrast a resonating single
cantilever beam has an oscillating center of mass. This motion dissipates
energy. This channel of energy dissipation is obviously not present in a well
balanced tuning fork. The only channels for energy dissipations remain the
internal dissipation (as thermoelastic damping or support losses) and the
emission of sound waves when the QTF operates in a fluid. Losses through
the center of mass are generally large and account of a reduction of Q of
several order of magnitude. This explain why a tuning fork is widely used
for a wide range of application.



Chapter 3

Piezoelectric properties of a
quartz tuning fork

3.1 Piezo-electric effect
The piezoelectricity is the direct conversion of mechanical stress to electrical
charge and vice versa in non-centrosymmetric crystals (quartz (SiO2), tour-
maline, etc.). In 1880 Pierre and Jacques Curie found that some crystals
when compressed in certain directions show positive and negative charges on
some portions of the surface. These charges were proportional to the pressure
and disappeared when the pressure ceased [32].

3.1.1 Direct and converse piezo-electric effect

Actually, it is more accurate to talk about direct and converse piezoelectric
effect [32]. The direct piezoelectric effect is the change of electric polariza-
tion of a crystal due and proportional to the strain to which the crystal is
subjected. The piezoelectric effect strongly depends on the symmetry of the
crystal and it can not be produced if the crystal has a center of symme-
try. Instead, one could define the converse (reciprocal, inverse) effect as a
property of a crystal to become strained if an external electric field is ap-
plied. Both effects are the manifestation of the same fundamental property
of the non-centric crystal. The term direct is used for the first effect only for
historical reasons.

Let us consider a slab of quartz. We assume that its thickness is small
compared with the other dimensions. We subject this plate to a pressure
parallel to the thickness. If a compressional force F is used, the polariza-
tion P parallel to the thickness will be proportional to the stress F/A. In
turn, the piezoelectric polarization generates charge on electrodes covering

27
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Figure 3.1: Direct and converse piezoelectric effect.

the surface A proportional to the force causing the strain. If we apply a
force in the opposite direction, the sign of pressure is reversed and the one
of the polarization reverses too. In the same way, when an electric field E is
applied along the thickness of the plate, the quartz slab is deformed. This
deformation changes sign when the polarity of the field is reversed, as shown
in figure 3.1.

A mathematical description of the piezoelectric effect could be provided
representing the properties of crystals by tensors and matrices[12].

3.1.2 Direct piezo-electric effect

In the crystal reference frame, a state of stress is specified by the second-
rank tensor σij with nine components (i,j = 1, 2, 3), while the polarization
of a crystal Pi, being a vector, is specified by three components. In the
direct piezoelectric effect, it is found that when a general stress acts on a
piezoelectric crystal, each component of the polarization is linearly related
to all the components of σij.

Thus, the general relationship between Pi and σij is:

Pi = dijkσjk (3.1)

The dijk are called piezoelectric moduli and form an example of a third-
rank tensor. To show the meaning of eq.(3.1) let us consider an uniaxial
tensile stress given by σ11 applied to the crystal, the resulting polarization
has components:

Pi = di11σ11 (3.2)

So, in principle, by measuring P1, P2 and P3, the values of d111, d211 and
d311 might be found. It is possible to demonstrate that dijk is symmetrical
in j and k [12]. Then, only 18 of the 27 component of dijk are independent.
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This gives the possibility to use a more concise notation known as the matrix
notation:

Tensor Notation 11 22 33 23,32 31,13 12,21

Matrix Notation 1 2 3 4 5 6

Thus, for instance, we define d21 ≡ d211 and so on. For consistency, if we
make the same change in the notation for the stress components, the relation
(3.1) can be rewritten as:

Pi = dilσl (3.3)

3.1.3 Converse piezo-electric effect

Let us consider now an electric field applied in a piezoelectric crystal. The
shape of the crystal changes slightly. This phenomenon is known as converse
piezoelectric effect.

It is found that there is a linear relation between the components of the
vector electric field Ei within the crystal and the components of the strain
tensor εij, which describe the change of shape. Moreover, the coefficients
connecting the field and the strain in the converse effect are the same as those
connecting the stress and the polarization in the direct effect. Explicitly:

εjk = dijkEi (3.4)

Pi = dijkσjk (3.5)

The proof of the equality of these coefficients is based on thermodynamics.

3.1.4 Piezoelectric moduli for crystals with a centre of
symmetry

Suppose that a crystal with a centre of symmetry was subjected to a general
stress and became polarized. Now imagine that the whole system, crystal
plus stress, is inverted through the centre of symmetry. The stress, which is
centrosymmetrical, will be unchanged and the same will happen to the crys-
tal, instead the polarization will be reversed in direction. Therefore we have
the same crystal under the same stress, but with the reverse polarization.
This situation is consistent only if the polarization is zero. In fact, tensor
transformation properties imply that, under inversion-center symmetry, all
odd-order tensors vanish. Hence, a crystal with a centre of symmetry can
not be piezoelectric.
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Figure 3.2: Quartz crystal structure: (a) left-handed, (b) right-handed. Co-
ordinate system is drawn with respect to the crystallographic axes.

3.1.5 Piezoelectricity of Quartz

The properties of the piezoelectric material desired in applications for sensing
could be summarized as:

- low production costs;

- high piezoelectric coefficients (which means high sensitivity);

- high mechanical resistance and stiffness;

- high time stability of material properties.

Definitely, quartz is the perfect candidate. Indeed this material is inexpen-
sive (is the second most abundant mineral in the Earth’s continental crust),
mass produced and it has the required mechanical characteristics. Quartz
is practically not soluble in water and it is resistant to the most acids and
bases. The melting point is 1710 oC and the density is 2649 kg/m3 at room
temperature.
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Quartz belongs to the point class 32 and it exists in two crystal forms:
right-handed and left-handed crystals. The name of the two form is due
to their optical activity: right-handed quartz rotates the plane of linearly
polarized light propagating in the optical axis direction clockwise while left-
handed quartz crystal does it in the opposite direction. They differ by the
position of the crystal trapezoidal faces. As usually, the coordinate z-axis is
chosen in the direction of the optical c-axis.

The measured values of the dil for right-handed quartz are:d11 −d11 0 d14 0 0
0 0 0 0 −d14 −2d11

0 0 0 0 0 0

 (3.6)

where d11 = 2.3× 10−12C/N and d14 = 0.67× 10−12C/N .

3.2 Piezoelectric properties of a QTF
For small amplitude of oscillation, the charge q(t) collected on the contact
pads of the QTF is linearly proportional to the amplitude of oscillation XL(t)
at z=L of the prongs because of the piezoelectric effect of quartz through the
coupling constant α:

q(t) = 2αXL(t) (3.7)

Deriving with respect to time we can write:

I(t) = 2α
dXL(t)

dt
(3.8)

where I(t) is the current in the QTF and dXL(t)
dt

is the velocity of the end of
the prongs. We will assume a sinusoidal temporal shape for both the change
and the displacement (this is true in case of sinusoidal driving voltage):

q(t) = q0sin(ωt) =⇒ I(t) = I0cos(ωt) (3.9)

XL(t) = XL0sin(ωt) =⇒ dXL(t)

dt
= XL0ω cos(ωt) (3.10)

where q0 is maximum collected charge, XL0 is the maximum amplitude of
the transverse displacement of the QTF arms. It must stressed we have
introduced a factor 2 because each prong contributes equally to the charge
q. Hence we can find the maximum piezoelectric current in the QTF the
maximum transverse velocity and current through the QTF. We can write
the following relation:

I0 = 2αωXL0 (3.11)
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Therefore, if we know the coupling constant α, we can determine the max-
imum displacement of the prongs from the maximum piezoelectric current.

It is not easy to determine α from the knowledge of the piezoelectric
moduli of quartz. Indeed one has to take into account both the direction of
the crystal axis and the specific geometry of the tuning fork. An experimen-
tal value of α is usually preferred. Obviously, to obtain α an independent
measure of the amplitude of oscillation of each prong and the current in the
tuning fork is required.

Once the coupling constant α of a QTF has been determined, the electrical
parameters L, C, R of the tuning fork can be related to the mechanical
propertiesm, k, β of the harmonic oscillator using the following relations[17]:

m = 2α2L, k = 2α2/C, γ = mβ = 2α2R (3.12)

A simultaneous measure of both the current and the displacement allows
to calculate the piezoelectromechanical coupling constant α, simply compar-
ing the sum of the measured oscillation amplitude from each prong to the
current through the QTF. From Qin et al. we get:

α ≈ 5µC/m (3.13)

Recently, it has been proposed and shown that QTF can be used with
great advantage as force detectors in scanning probe microscopes (SPMs) and
atomic force microscope (AFMs)[17]. A QTF has two main advantages when
compared to a conventional silicon microcantilever: an higher Q-factor and
an higher stiffness, which is on the order of 103N/m. The high quality factor
allows the tuning fork to detect sub-hertz shifts in the resonant frequency
and makes them sensitive to piconewton (pN) shear and normal forces. The
high stiffness prevents the jump to contact of the tip when it approaches the
substrate. Moreover, the piezoelectric effect of quartz crystals is extremely
useful in tapping-mode measures: in fact a QTF can simply be excited to
vibrate by applying an ac voltage to its electrodes. To be useful as a force
sensor, a sharp probe tip has to be attached to the end of one prong.



Chapter 4

Loss mechanisms and Q-factor of
a tuning fork

This chapter deals with the mechanisms of losses in resonators like quartz
tuning forks. As already discussed, one of the most important parameter for
a resonator is the mechanical quality factor Q. High quality factor will result
in a sharp frequency response. The main mechanisms of losses in a QTF are
due to:

- air damping, related to exchange of energy and momentum between QTF
prongs and surrounding medium;

- attachment losses, related to exchange of energy and momentum through
the clamped ends of the quartz tuning fork.

- thermoelastic damping, related to coupling between the strain field and
temperature field inside the quartz tuning fork;

Air damping is referred as an extrinsic loss mechanism, while thermoelastic
and attachment damping are referred as intrinsic loss mechanisms.

4.1 The mechanical quality factor of a damped
vibrating QTF

Let consider a cantilever beam of length L, width w, and thickness T vibrating
in a flexural motion in a fluid medium, which exercise a drag force upon the
beam. The dynamic equation for a cantilever beam without a distributed
load is the Euler-Bernoulli equation:

EIy
∂4X

∂z4
+
Cd
w

∂X

∂t
+ (ρTw + u)

∂2X

∂t2
= 0 (4.1)
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The solution for the clamped-free problem are reported in (2.49). Using
separation of variables z and t we get:

X(z, t) = w(z) cos(2πft) (4.2)

The total mechanical energy of a vibrating cantilever beam is given by:

U =

∫ L

0

1

2
(ρTw + u)|(∂X(z, t)

∂t
)2|maxdz (4.3)

which results

U =
1

2
(ρTw + u)(2πf)2

∫ L

0

w2(z)dz. (4.4)

The dissipated energy per period Ud (or the damping energy), is given by
the product of the drag force per unit length F=−Cd ∂X∂t and the velocity:

Ud =

∫ L

0

∫ Period

0

F (z, t)
∂X(z, t)

∂t
dtdz (4.5)

That can be rewritten in the following way:

Ud =

∫ L

0

∫ Period

0

Cd

(
∂X(z, t)

∂t

)2

dtdz (4.6)

Substituting equation (4.4) and (4.6) in the expression of quality factor Q
we get:

Q = 2πU/Ud =
2π 1

2
(ρTw + u)(2πf)2

∫ L
0
w2(z)dz

Cd(2πf)2
∫ L

0
w2(z)dz

∫ Period
0

cos2(2πft)dt
(4.7)

The times integral gives 1/2f and so Q can be expressed without knowing
the exact mode shape function w(z):

Q =
2π(ρTw + u)fn

Cd
(4.8)

where fn is the resonance frequency of the n-th flexural mode of the cantilever
prong of the QTF. In the limit u << ρTw, valid when the resonator is
immersed in air (see eq.(2.65)), we can express the Q factor as a function of
geometrical properties of the resonator itself:

Q =
2π(ρTw + u)fn

Cd
∝ 1

Cd

T 2w

L2
(4.9)

where the damping parameter per unit length Cd depends on the damping
mechanisms and the resonant frequency fn is expressed as proportional to
T/L2.
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4.2 Air damping

4.2.1 An approximation valid for high frequencies

The viscous drag force F is the force exerted on the vibrating beam by the
surrounding medium (i.e., air). As known, such force acting on a point z is
proportional to the local velocity of beam, dX(z)

dt
:

F = −Cair
dX

dt
(4.10)

where Cair is the damping parameter per unit length due to the interaction
between the cantilever beam and the surrounding medium.

The knowledge of the damping parameter allows to calculate the mechan-
ical quality factor of such damped system:

Qair =
2πρTwfn
Cair

. (4.11)

Several models were proposed for the estimation of the damping param-
eter Cair for a millimetric oscillating resonator like a rectangular prong of a
quartz tuning fork due to the viscosity of the surrounding medium.

Zhang et al. proposed the following expression for the damping parameter
of an oscillating cantilever beam:

Cair = πµ(a+ bλ) (4.12)

with

λ = w

√
πfnρair
µ

. (4.13)

The model does not allow an analytical expression for both adimensional
parameters a and b.

Assuming:
bλ >> a (4.14)

it follows the result obtained in section (3.6):

Qair ∝
1

b
√
p

(4.15)

where we have used the well-known proportionality between air density ρair
and pressure p.

Since Cd and u are pressure dependent, the pressure range from vacuum
to atmospheric pressure is usually divided into three regions according the
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dominant damping mechanism in each region: the intrinsic, the molecular
and the viscous region. In the intrinsic region air pressure is so low that
air damping is negligible compared to the intrinsic damping of the vibrating
beam itself. Then both the resonant frequency fn and Q are independent
respect to the air pressure.

4.2.2 The molecular region

In the molecular or the Knudsen region, the damping is caused by indepen-
dent collisions of non interacting air molecules with the moving surface of
the vibrating beam, In this case the drag force can be determined by means
of the kinetic theory of gases. It follows that the damping parameter Cd is
proportional to the air pressure p and the width of the beam w:

Cd = kmwp (4.16)

with

km =

√
32M

9πRΘ
(4.17)

where M,R, and Θ are the molar mass of the gas molecules, the gas constant
and the absolute temperature of the fluid, respectively. For air molecules M
equals 28.964 gr/mol, so at room temperature km = 3.6× 10−3 s/m. In this
region we have u=0 and thus we can derive an expression for the quality
factor:

Q =
(πνn/2)2

kmp

√
Eρ

12

T 2

L2
(4.18)

According to [29], it is possible to estimate the pressure pc where the air
damping changes from that typical of molecular region to that typical of the
viscous region:

pc = 0.3torr/w(mm) (4.19)

where w(mm) is the crystal width expressed in millimeters. In our case,
w = 0.25 mm and pc = 1.2 torr. Then, in all cases reported in this thesis the
QTFs operate in the viscous region.

4.2.3 The viscous region

In the viscous region the air acts as a viscous fluid and the drag force must
be calculated using fluid mechanics. Since the velocity of the vibrating beam
is always much smaller than the speed of the sound in the medium, we can
consider the medium as incompressible.
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For the velocity field ~v(x, y, z) of an incompressible viscous fluid the
Navier-Stokes equation and the continuity equation are valid:

−~∇p = −µ∆~v + ρair(~v · ~∇)~v + ρair
∂~v

∂t
(4.20)

∇ ·~v = 0 (4.21)

with µ the dynamical viscosity and ρair the density of the medium, respec-
tively. In the pressure region under consideration we can assume µ to be
a constant and we will consider the air as an ideal gas. Navier-Stokes and
continuity equations cannot be solved analytically, then we must introduce
some approximations. First, we can estimate the Reynold number, which is
defined as ratio between the second term and the first term of the right-hand
side of Navier-Stokes equation:

Re =
|ρair(~v · ~∇)~v|
|µ∆~v|

(4.22)

When Re « 1, it is possible to neglect the non-linear convection term ρair(~v · ~∇)~v
in the Navier-Stokes equation. This is actually true for microresonator, but
not for our set of QTFs.

It is a hard problem to determine the exact velocity field around the
vibrating beam. An analytical expression for ~v can be derived only for simple
vibrating bodies. However, Kokubun et al. have proposed an approximation
for the damping problem for a vibrating quartz tuning fork. They considered
each arms of the QTF with a rectangular cross-section as a string of spheres.
If these spheres vibrate independently of each other, with infinite separation,
the resulting drag force is the sum of the drag force of the single spheres.
Their measurement agreed well with the theoretical predictions.

In case of small Reynolds Number, the drag force for an oscillatory motion
of a sphere of radius R can be calculated straightforwardly from the Navier-
Stokes and continuity equation. Thus the parameters Cd and u are expressed
by:

Cd = 6πµR(1 +R/δ) (4.23)

u = (2/3)πρairR
3(1 +

9

2

δ

R
) (4.24)

Here δ is the width of a boundary layer perpendicular to the direction of
the motion and is a measure for the depth of penetration of the lateral wave.
In this region there is a non vanishing curl of the velocity field ~∇ × ~v, i.e.
this means that this region is turbulent; the airflow is rotational instead of
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potential. The width δ of penetration is dependent on the pressure and is
given by:

δ =

√
µ

πρairf
(4.25)

The first expression on the right-hand side of (4.23) equals the Stokes’s
equation for static flow passing a sphere (or for a sphere in uniform motion
through a viscous fluid); the second expression is the result of the harmonic
motion of the sphere and is dependent of both frequency and density of the
medium.

By neglecting the contribution of the additive mass per unit length we
can obtain the expression for the quality factor of a vibrating sphere with a
radius R [20]:

Q =
(πνn/2)2wT 2

√
ρE/12

6πµRL(1 +R/δ)
(4.26)

For the relative shift of the first-order resonance frequency we derive:

∆f

f
= −πR

3ρair
3ρLwT

(
1 +

9δ

2R

)
(4.27)

It can be seen from these last two equations that for both Q and ∆f
f

two
pressure regions are recognized, depending on the ratio R/δ:

- for R/δ « 1, Q is independent of p;

- for R/δ » 1, Q is proportional to 1/
√
p;

- R/δ » 9
2

∆f
f
, is proportional to p;

- R/δ « 9
2
, ∆f

f
, is proportional to p0.5;

Starting from this model, Hosaka et al. made the further assumption:

- the length L of the QTF arm is much greater than its width w and thickness
T;

- every single portion of the beam is replaced with a sphere of diameter
equals to w.

This approximation correspond to the model shown in fig(4.1), which shows
how the beam is replaced by a string of spheres of diameter w.
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Figure 4.1: Hosaka’s spherical model for a rectangular-shaped cantilever
beam.

The closed form solution of equation (4.20) is known for a harmonically
oscillating sphere. The fluid drag force F acting on a sphere with velocity
dX
dt

and diameter w is given by:

F = −CdX
dt

(4.28)

where the damping coefficient Cd is given by:

Cd = 3πµw +
3

4
πw2

√
ρairµ

πfn
(4.29)

Starting from the Euler-Bernoulli equation including only the viscous damp-
ing

EIy
∂4X

∂z4
+
Cd
w

∂X

∂t
+ ρTw

∂2X

∂t2
= f exp(2πift) (4.30)

it is easy to prove that the FWHM of a system described by the equation
(4.30) can be expresses as (see section 4.1.2):

FWHM =
Cd/w

2πρTw
(4.31)

and the quality factor Q can be expressed:

Qair =
2πρTw2fn

3πµw + 3
4
πw2
√

4πρairµfn
. (4.32)

Losses due to the air damping are proportional to the reciprocal of air
damping:

1

Qair

=
3πµw

2πρTw2fn
+

3
4
πw2
√

4πρairµfn

2πρTw2fn
. (4.33)

The first term on the right side is pressure-independent and represents the
contribution to the quality factor from the static Stokes flow, while the second
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Figure 4.2: On the right: calculations of the quality factor values due to air
viscous damping in the range of pressures between 1-760 torr, of a cantilever
beam having a 10 mm length, 0.5 mm width and 1 mm thickness, using
Eq. 4.32. On the left: calculation of the quality factor values according
to Eq. 4.32 at 50 torr for a set of cantilever beams having lengths in the
range between 1-19mm, thickness in the range between 0.1-1.2mm and crystal
widths of 0.25, 0.5 and 0.8mm.

term which depends to pressure and frequency is related to the dynamic
Stokes flow on a oscillating sphere. As a example, calculations of quality
factor values according to Eq. 4.32 are reported in figure 4.2. As can be
seen, for a fixed geometry, as pressure increases Qair decreases. For a fixed
pressure and crystal width, it can be seen a strong dependence of Qair on the
ratio T/L. The guideline that emerges from this model is to design quartz
tuning forks reducing the lengths, in order to reduce the viscous losses.
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4.3 Attachment losses
This section exploits a review on attachment losses, mainly focused on sup-
port losses. Although the history of attachment losses can be tracked back to
the 1960s, this field is still at its early stages and requires improved models
to quantify these types of dissipation.

4.3.1 Glue loss

The quartz tuning forks are often mounted on the instrument by attach-
ing the QTF to a pedestal with a thin layer of epoxy glue. This approach
is simple and convenient, but is often accompanied by several problems.
First, the attachment is practically irreversible. Second, glue is highly vis-
coelastic, therefore, most of the energy transmitted into this adhesive layer
is dissipated. As a result, this dissipation leads to a decrease in Q which is
analytically unpredictable.

4.3.2 Support losses

This section will focus on the analysis of support losses. Models describing
support loss are developed using the theory of elasticity taking into account
the beam dynamics and stress-wave propagation. Several models have been
developed to analyze support losses, and all of them share the following set
of assumptions:

- The resonator and the support are made of the same isotropic, homoge-
neous, elastic material;

- Elastic waves are transmitted into the support due to the vibrating shear
forces and moments induced by the oscillating beam at the fixed ends of
the resonator. These time-harmonic stresses act as a radiation source
of waves into the support(see figure 4.3);

- Energy entering the support does not reflect back into the resonator.

- The point of attachment of the resonator and the support is assumed to
have zero-displacement.

The differences between the models lie primarily in the extent to which they
capture the complexities of geometry and infinite-size effects. The simplest
model is the one developed by Jimbo and Itao in 1968 [21]. The structure of

interest consists of a rectangular cross-section resonator, attached mono-
lithically to a larger support with the same width as that of the resonator.
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Figure 4.3: Schematic illustrating support loss: (a) a sectional view of a
vibrating resonator attached to a larger support; (b) representation of the
vibrating resonator modeled as a harmonic point force at the attachment
point. The point force causes propagation of elastic waves into the support.

Using this geometry and modeling the support as a semi-infinite elastic
body, they derived an equation to calculate support loss Qsupp [21]:

Qsupp ∝ L3/T 3 (4.34)

Another model was proposed by Hao et al. [23] with the addition of the
following assumptions. To ensure weak coupling between the resonant modes
of the beam and the elastic waves in the support, the width w of the beam is
assumed to be much smaller than the elastic wavelength λ of the propagating
waves. Only shear forces are considered as a source of excitation of elastic
waves whereas the moment is assumed to be negligible. The closed-form
expressions for the support loss in a clamped-free (C-F) beams is expressed
as [23]:

Qsupp = AnL
3/T 3 (4.35)

The calculated values of An for the first three clamped-free modes are re-
ported in the following table.

1 2 3

An 2.081 0.173 0.064

In summary, both the models predict that support losses scale as (L/T )3, and
differs only in the coefficient. The simple guideline that emerges from these
models is that to design quartz tuning forks having beams with large length-
to-thickness aspect ratios, in order to reduce the support losses. Other models
were developed in order to include the effects of the width of the resonator
and support, and the finite thickness of the supports (Ts). Two cases were
considered, modeling one as a semi-infinite thin plate and the other as a semi-
elastic medium [22],[24]. For the first case, the thickness of the support was
assumed to be small compared to the wavelength of the propagating elastic
waves (Ts << λ). For the latter, the opposite was examined (Ts >> λ). For
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the specific case where Ts >> λ , only shear force was applied while torque
was considered negligible. These models predict significantly different scaling
of support losses with geometry. The expressions for support losses are given
by [22],[24]:

Qsupp ≈
1

0.95

L

w
(
Ts
T

)2, if Ts << λ (4.36)

Qsupp ≈
1

0.31

L

w
(
L

T
)4, if Ts >> λ (4.37)

A summary of the models introduced in this section is reported in figure 4.1.
As listed in Table 4.1, the values of Qsupp predicted by these models are in
disagreement each other making hard a correct calculation of the support
losses for a cantilever beam.

4.4 Thermoelastic Damping
Thermo-elastic dissipation is an intrinsic structural dissipation mechanism
of oscillating elements. Mathematically, it can be expressed using the mod-
eling approach from Zener [25]. The physical explanation of this dissipation
mechanism is based on the coupling between the strain and the tempera-
ture field. Energy dissipation has the form of irreversible heat flow due to
the local temperature gradient that accompanies the strain field through the
coupling. The following equation calculates the thermoelastic quality factor
in a region around the first flexural mode for a isotropic homogeneous beam
[25]:

QTED =
ρcT
Eβ2

TΘ

(
1 + (2fnρT 2

πλT
)2

(2fnρT 2

πλT
)

)
(4.38)

where λT , cT and βT are the thermal conductivity, the heat capacity per
unit mass and the thermal expansion of the beam, while Θ represents the
temperature of the beam. The physical quantities in equation (4.38) are
listed in Table 4.2.
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Model Description of the model Main assumption
Jimbo and
Hitao [21]

Q ∝ L3/T 3

- 2D wave theory

- Semi-infinite elastic support

- Fixed ends have zero displace-
ment

Hao [23] Q = AnL
3/T 3

- 2D wave theory

- Beam and support have same
width

- λ » w

- No displacement or velocity at
fixed ends

- Dissipation through shear force

Photiaidis
and Judge
[21]

Qsupp ≈ 1
0.95

L
w

(Ts
T

)2, if Ts << λ

Qsupp ≈ 1
0.31

L
w

(L
T

)4, if Ts >> λ

- Ts << λ, semi-infinite elastic
support

- Ts >> λ dissipation through
shear force

Table 4.1: A summary of the models describing the support losses in a can-
tilever beam cited in this section.
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Physical quantity Value

Density of Quartz ρ (Kg/m3) 2650
Thermal Expansion βT (10−6K−1) 16 (*6)
Young Modulus E (1010 Pa) 7.2
Temperature Θ (K) 300
Thermal Conductivity λT (W / m K ) 8
Thermal Capacity cT (J/ Kg K) 710
Dynamical Viscosity of air µ (10−5 Kg m−1 s−1) 1.81

Table 4.2: The thermodynamical and mechanical properties of quartz. The
thermal expansion value of a quartz crystal depends on the expansion direc-
tion respect with crystallographic axes.



Chapter 5

Experimental setup and Results

An experimental setup was set in order to perform an analysis of electrical
properties of a set of quartz tuning fork operating at the fundamental and
first overtone flexural modes and at pressures in the range between 20-760
torr. The analysis is aimed to measure the resonant frequencies and the
quality factors of such oscillators at various experimental conditions, for the
validation of relations between geometrical properties and QTF performance
for both flexural modes.

5.1 The set of QTFs
The schematics of the designed QTFs are shown in figure 5.1 and5.2 together
with a standard QTF. The geometrical properties of the designed QTFs are
reported in the following table.

QTF Length L (mm) Width w (mm) Thickness T (mm)

# 1 3.5 0.25 0.2
# 2 10.0 0.25 0.9
# 3 10.0 0.5 1.0
# 4 11.0 0.25 0.5
# 5 17.0 0.25 1.0

The QTF were realized by STATEK CORPORATION. A z-cut quartz
wafer with a 2o rotation along the x-axis, which provides stable frequency
at room temperature, was selected for the realization of the custom QTFs.
The z-cut is the dominant low frequency (up to 50 kHz) crystal-cut, which
provides thermally stable flexural vibrational modes frequencies. Standard

46
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Figure 5.1: (a) A schematic of the QTF dimensions and reference. (b)x-z
plane view of standard and custom designed tuning forks. The size scale
is shown on the right. (c) Surface and side view of the two different de-
signed gold patterns for electrical charge collection. The grey areas stand for
uncovered quartz, while the yellow and gold-yellow area represent the two
electrodes of each pattern.

photolithografic techniques were used to etch the QTFs. Cr and Au pat-
terns are photolithografically defined on both sides of the wafer. A three-
dimensional crystal structure is generated by chemical etching in hydrogen
fluoride solution,and finally side electrodes are deposited by means of shadow
masks. The gap between center electrodes and side electrodes is 50 µm. A
photograph of the realized custom QTFs is shown in fig 5.3.

The standard QTF is the typical 32 kHz resonator used in clock and
smartphones. The contact layer dual-electrode patterns are also visible. The
electrode geometry defines the way in which the deformation occurs when
an electric field is applied and, conversely, how the charges due to crystal
deformation are collected. In our case, the electric field is applied along the x-
axis of the QTFs (see fig 5.1) . Two patterns for the electrodes were employed.
For QTF#3 the same gold pattern of the QTF standard is employed while,
for the remaining QTFs, the gold pattern were slightly modified in order to
collect charges generated in all internal side wafer surfaces, as shown in fig
5.1(c).



CHAPTER 5. EXPERIMENTAL SETUP AND RESULTS 48

Figure 5.2: A schematic of a quartz tuning fork. Each prong can be modeled
as a rectangular bar of dimension w×T ×L (dotted lines). Inset: a top view
of the tuning fork with the electrical configuration for the electrodes A and
B.

5.2 The experimental setup scheme
QTFs can be designed to resonate at any frequency in the 1-200 kHz range
and beyond, since resonance frequencies are defined by the properties of
the piezoelectric material and by its geometry (see eq. 2.48). An acoustic
wave generated between the prongs of a QTF can bend them. Hence, the
electrode pairs of the QTF will be electrically charged due to the quartz
piezoelectricity. Piezoelectricity is the coupling between internal dielectric
polarization and strain, and is present in most crystals lacking a center of
inversion symmetry. When a stress is applied to these materials, it induces a
displacement of charge and a net electric field. The effect is reversible: when
a voltage in applied across a piezoelectric material, it is accompanied by a
strain. Due to this intrinsic coupling of strain and charge displacement a
QTF can be modeled both electrically and mechanically, each prong being
modeled as a slab of dimension w × T × L, as shown in Fig 5.2.

As discussed in chapter 3, a QTF can be modeled using differential equa-
tions, having equivalent forms. For the electrical characterization, it is useful
to describe a QTF as a circuit having a capacitance C, a resistance R and a
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Figure 5.3: The picture showing the realized custom tuning forks. The size
scale in mm is shown on the right.

inductance L. The circuit schematic used to characterize the QTF is shown
in Fig 5.4.

When electrically excited, the QTF response is acquired by using a trans-
impedance amplifier with feedback resistor Rf = 10MΩ. Feedback maintains
a zero voltage between the QTF electrodes and so that the influence of the
parallel stray capacitance Cp is neutralized. In this condition, the QTF
model is reduced to an RLC series circuit and the resonant frequency is
given by:

f0 =
1

2π

√
1

LC
(5.1)

The quality factor of the equivalent circuit is:

Q =
1

R

√
L

C
(5.2)

The impedance of such circuit is:

Z(ω) =
1

iωCp
//(

1

iωC
+ iωL+R). (5.3)

This equation can be rewritten in the following way:

Z(ω) =
(1− ω2LC) + iωRC

iω

1

C + Cp((1− ω2LC) + iωRC)
(5.4)

Figure 5.5 shows a qualitative impedance spectrum of an RLC series with a
stray capacitance Cp.

The experimental setup used to characterize the set of custom QTFs
is shown in figure 5.6. A waveform generator, Tektronix AFG 3102 (or a
Isotech AFG 21225, or a Wavetek Model 29) generates a sinusoidal voltage
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Figure 5.4: The figure shows the equivalent circuit used to model the elec-
trical properties of the QTFs employed in this work: A is the external ac
voltage from Arbitrary Function Generator (AFG), RF is the feedback re-
sistor of the transimpedance amplifier, Cp is the stray capacitance of the
equivalent circuit.

excitation A exp(iωt) which results in a piezoelectric current through the
QTF arms. Then the piezoelectric current generated is then converted in
an output voltage by means of the trans-impedance amplifier. The output
voltage VOUT from the trans-impedance amplifier is:

VOUT (ω) = −RF A

Z(ω)
(5.5)

where Z(ω) is the impedance of the QTF.
The output voltage from the trans-impedance amplifier is then sent to

a lock-in amplifier (Signal Recovery 7265) triggered at angular frequency
ω by the AFG. In such way, it is possible to extract only the components
of the signal at angular frequency ω. The lock-in amplifier has two digital
output voltage channels, named X and Y channel. The output signals are
proportional to the real and imaginary component of the demodulated signal
respectively. The two components of the demodulated signal are sent to a
DAQ card NI USB 6009 which is interfaced with a PC and then are recorded.
The QTF was mounted in a vacuum chamber. The vacuum chamber was
connected with a gas line composed by a pressure controller, a pump and
two valves. In this way, it was possible to fix the air pressure in the vacuum
chamber in the range between 20-760 torr.
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Figure 5.5: Real (X) ed Imaginary (Y) components of an impedance spectrum
of a RLC circuit with a stray capacitance Cp in parallel. The plots are related
to a circuit of R = 10Ω, C = 1νF , Cp = 1mF and L = 1H. Angular
frequencies ω are reported into abscissa in the range between 900 s−1 a 1100
s−1, while real and imaginary components are into ordinate and are expressed
in Ohm units.

The experimental apparatus described can perform the scan of the elec-
trical properties of the QTFs.

5.3 The resonance frequency and the quality
factor

The Euler-Bernoulli equation can be used to predict the theoretical frequen-
cies for both the fundamental and the overtone modes. In the following table
we reports the calculated values by using equation (2.48).

QTF f0 (Hz) f1 (Hz)

# 1 13746.59 86088.97
# 2 7577.81 47456.56
# 3 8419.79 52729.52
# 4 3479.25 21789.04
# 5 2913.42 18245.49

Starting from the estimated values of the resonance frequency, the spectral
response of the tuning fork is recorded by varying step-by-step the frequency
of the waveform generator and acquiring the lock-in output via the Data
Acquisition Card (DAC). For this task, it has been developed a custom-made
LabVIEW-based software which is described in Appendix A. A description
of the principle of operation of the lock-in amplifier is reported in appendix
B.
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Figure 5.6: Setup sperimentale.

As an example, figure 5.7 shows the spectral response of the QTFs at
50 torr. The spectral response was fitted by using a Lorentzian function
to determine the resonance frequency, the peak value of the Lorentzian fit
function and the full-width-half-maximum (FWHM). The FWHM was used
to determine the quality factor according to:

Q =
f

FWHM
(5.6)

5.4 The resonance frequency
The resonance frequencies are measured through the procedure described in
the previous section for both fundamental and overtone mode. Figure 5.8
shows the resonance frequency values extracted by the Lorentzian fit as a
function of the air pressure, for both modes. The experimental data were
fitted with a linear function, as predicted by Eq. (2.67). kp and f(0) values
were extracted and listed in Table 5.1, for both the fundamental and first
overtone mode.

By using Eq. (2.64), kp can be related to the dimension of the resonator
by introducing an expression for the extra-inertial term per unit length u
2.65, valid for a cantilever beam vibrating in a fluid:

u = 2ρaw
2Re(Γ(Re)) (5.7)
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Figure 5.7: The experimental spectral responses of the QTFs at 50 torr for
both the fundamental and overtone modes.

Assuming that Re(Γ(Re)) ≈ 1 and substituting (5.7) in (2.64) kp can be
expressed as:

kp = fn(0)
ρaw

ρT
(5.8)

Substituting ρa = Mρa/NakBΘ and fn(0) from Eq. 2.48 it follows:

kp =
π

8
√

12

E

ρ

M

NAkBΘρ
ν2
n

w

L2
= 387.3 torr−1mm mHz

(
νn
ν1

)2
w

L2
(5.9)

which relates kp parameter to the dimensions of the QTF prong.
The experimental and calculated resonance frequencies and kp values were

listed, for the fundamental and overtone mode respectively. The calculated
frequencies and kp values are obtained according to Eq. 2.48 and 5.9, respec-
tively.
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Figure 5.8: Resonance frequency vs pressure plots, for the set of investigated
QTFs and for both flexural modes.
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QTF f0,exp (Hz) f0,th (Hz) kp,exp (mHz/torr) kp,th (mHz/torr)

# 1 14068.37 13746.59 7.56 7.90
# 2 7216.48 7577.81 1.34 0.97
# 3 8448.88 8419.79 2.04 1.94
# 4 3454.28 3479.25 1.02 0.80
# 5 2870.73 2913.42 0.81 0.36

QTF f0,exp (Hz) f0,th (Hz) kp,exp (mHz/torr) kp,th (mHz/torr)

# 1 86614.08 86088.97 40.81 49.01
# 2 41029.41 47456.56 14.99 6.00
# 3 51009.13 52729.52 13.13 12.01
# 4 21503.97 21789.04 5.32 4.96
# 5 17742.26 18245.49 2.81 2.08

Table 5.1: The extracted fitted values of vacuum resonance frequency and kp
for the set of QTFs and for both modes.

The theoretical model allows a good prediction of both the resonance fre-
quencies and kp values, within less than 20% error. Our results clearly show
the dependence of the resonance frequency on the w/L2 while the crystal
thickness T does not affect it.

Figure 5.9, shows the dependence of kp on the ratio w/L2 for both modes.
Our results clearly shown that kp proportionally scales with w/L2 ratio for
the fundamental mode, as suggested by the theoretical model described be-
low. For what concern the first overtone mode, the Eq. 5.9 is no longer
satisfied: this suggests that, aside viscous air damping, other mechanisms
strongly related to the prong dimensions contribute to the variation of the
resonance frequencies as a function of the pressure.

5.5 Estimation of the quality factor
Figure 5.10 reports the quality factor values as a function of the air pressure,
for fundamental and first overtone modes of the set of investigated QTFs. The
quality factors are measured through the procedure described in Section 5.3.
As can be seen, by observing the strong dependence of the quality factors on
air pressure, the dominant damping mechanism is the air damping for both
modes. Since the dissipation mechanisms to the total energy dissipation
are assumed independent each other and Q is proportional to the inverse of
total energy dissipated, the overall Q of a resonator can be represented as a
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Figure 5.9: On the left side: Graph kp vs w/L2 for the fundamental modes.
On the right side: Graph kp vs w/L2 for the overtone modes. The solid red
lines are the linear fits to the experimental data

reciprocal sum of independent dissipative contributions:

1

Q
=

1

Qair

+
1

QTED

+
1

Qsup

(5.10)

where Qair, Qair and Qair are the viscous damping, support losses and ther-
moelastic damping contributions to the quality factor.

Since thermoelastic and support losses are assumed to be independent to
the air pressure, it is possible to define Q(0) as:

1

Q(0)
=

1

QTED

+
1

Qsup

(5.11)

Qair was defined in Section 4.2 as:

Qair =
2πρTwfn

3πµ+ 3
4
πµw

√
4πρairf

µ

(5.12)

that can be rewritten as:
Qair =

a

b+ c
√
p

(5.13)

where a = 2πρTwfn, b = 3πµ, and c√p = 3
4
πµw

√
4πρairf

µ
. C can be rewritten

as:

c =
3

4
πµw

√
4πMf

µNAkBΘ
. (5.14)

since ρair = Mp/NAkBΘ, where M is the molar mass of air, NA is the Avo-
gadro’s number, kB is the Boltzmann constant and Θ is the temperature of
the air.
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Figure 5.10: Quality factor vs pressure plots, for the set of designed QTFs
and for both flexural modes.
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QTF A (10−6 ) B (10−6)

# 1 53.6 7.75
# 2 8.9 4. 35
# 3 2.6 3.56
# 4 62.6 7.37
# 5 20.3 6.86

QTF A (10−6 ) B (10−6)

# 1 28.8 3.53
# 2 31.1 2.49
# 3 19.7 1.64
# 4 6.7 3.15
# 5 1.7 2.52

Table 5.2: Left side: A and B fitting parameters obtained for the fundamental
modes of the set of QTFs. Right side: A and B fitting parameters obtained
for the overtone modes of the set of QTFs.

By combining 5.11 and 5.13 the reciprocal of the overall quality can be
expressed as:

1

Q(p)
=

1

Q(0)
+
b+ c

√
p

a
(5.15)

that can be rewritten as
Q(p) =

1

A+B
√
p

(5.16)

where A = 1
Q(0)

+ b
a
and B = c

a
. This equation was used to fit the curves

Q(p) vs p, for the fundamental and overtone mode of the QTFs, as shown in
figure 5.10. In Table 5.2, the A and B values extracted from the fit for the
fundamental and overtone mode of the set of QTFs are listed.

The pressure-independent quality factor contribution Q(0) can be ex-
tracted only by subtracting the static flow’s contribution b/a to the fitting
parameter A:

1

Q(0)
=

1

QTED

+
1

Qsupp

= A− b

a
. (5.17)

For this reason Hosaka model was used to calculate the ratio b/a. Table 5.3
shows the estimated Q(0) values for both fundamental and overtone modes.

Each contribution to the quality factor Q(0), QTED and Qsupp, can be
related with the geometrical properties of resonator by using Eq. 4.38 and
Eq. 4.34, respectively:

Qsupp ∝
L3

T 3
(5.18)

QTED =
ρcT
Eβ2

TΘ

(
1 + (2cT fnρT

2

πλT
)2

(2fncT ρT 2

πλT
)

)
≈ (ρcT )2

Eβ2
TΘ

2fnT
2

πλT
∝ T 3/L2 (5.19)
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QTF Q(0)fund Q(0)over

# 1 21600 36000
# 2 174000 32600
# 3 184000 51000
# 4 19700 210000
# 5 75600 100000

Table 5.3: The estimated values of Q(0) for both modes.

Figure 5.11: Q(0)fund vs T 3/L2 plot for the fundamental mode of the set of
the investigated QTFs.

With the analysis presented in this work, there is no chance to separate the
two contributions of Q(0). However it is possible to investigate the depen-
dence of Q(0) values from the geometrical parameters of the QTF prong.

Figure 5.11 shows the dependence of Q(0)fund on T 3/L2 , which proves
that the relevant dissipation mechanism at the fundamental mode is related
to the thermoelastic losses. This is in agreement with the results obtained
by Patimisco et al. [30] who demonstrated that the support losses are neg-
ligible for QTFs vibrating at the fundamental mode since, they observed an
empirical correlation between the quality factor and Tw/L at pressures as
low as 50 torrs.

Figures 5.12 shows the plots Q(0) vs T 3/L2 and Q(0) vs L3/T 3. Con-
versely, for the overtone mode, Q(0) values are more positively correlated
with L3/T 3 rather than T 3/L2. This results show that the support losses are
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Figure 5.12: The Q(0)over vs T 3/L2 and Q(0)over vs L3/T 3 plots for the
overtone mode of the investigated set of QTFs. It is worth noting that
the dominant pressure-independent mechanism of losses is represented by
support losses as suggested by the positive correlation between Q(0)over and
L3/T 3.

no longer negligible for the overtone modes, even if a contribution due to the
thermoelastic damping is still present. This result is in qualitative agreement
with the theoretical model proposed by Hao and discussed in Section 4.35
that predicts an increase of the support losses of a factor of A1/A2 ∼ 12 when
passing from the fundamental mode to the overtone mode.

5.6 The tuning fork sensitivity to the pressure
variations

Kp values can be used to estimate the tuning fork sensitivity to the air
pressure variations. A pressure variation will cause a shift of the resonance
frequency, which will cause a decrease of the QTF response of a certain
percentage with respect to the maximum value, if the QTF is forced to work
at a fixed frequency. Kp values can be used to calculate the acceptable
uncertainty in air pressure corresponding to a desired stability around the
peak value of the Lorentzian QTF resonance curve.

Let introduce ∆fx as the frequency shift f − fn such that:

A(fn + ∆fx) = xAMax (5.20)

where AMax is the peak value of the resonance curve, x is a pure number
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Figure 5.13: Figures on the left and right report, respectively, the plot of
(5.26) for the fundamental mode and overtone mode of QTF#1.

ranging between 0 and 1. By the Lorentzian function, ∆fx can be expressed
as:

∆fx =
FWHM

2

√
1− x
x

(5.21)

Assuming x = 0.95, which corresponds to a stability of 95% around the
Lorentzian peak value, the related frequency shift is:

∆f95% =
FWHM

2
√

19
(5.22)

The coefficient kp relates a shift of the resonance frequency to the un-
damped resonance frequency and the air pressure as

∆fn = −1

2
fn(0)

u(p)

ρwT
= −kpp (5.23)

Substituting the derivative ∂f
∂p

with the ratio ∆f/∆p:

|∆f/∆p| ≈ |∂f
∂p
| = kp (5.24)

Then, it follows:

∆pMAX =
∆f95%

kp
(5.25)

Substituting (5.16) in the latter equation we get:

∆pMAX =
A

2
√

19kp
(fn(0)− kpp)(1 +

B

A

√
p). (5.26)
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QTF ∆pMAX at 25 torr ∆pMAX at 80 torr ∆pMAX at 760 torr

#1 19.0 26.2 53.6
#2 19.0 29.5 79.6
#3 9.9 13.6 47.9
#4 38.7 50.0 103.3
#5 22.2 33.0 77.6

QTF ∆pMAX at 25 torr ∆pMAX at 80 torr ∆pMAX at 760 torr

#1 10.8 14.7 29.9
#2 13.7 16.7 31.26
#3 12.5 15.4 29.0
#4 11.0 16.3 41.4
#5 10.3 17.5 48.6

Figure 5.14: Calculated values of Eq. (5.26) for the set of QTFs, at 25, 80
and 760 torr, for both fundamental (on the top) and overtone modes (on the
bottom).

As an example, Figure 5.13 shows Eq. (5.26) as a function of pressure (in
torr) for QTF #1. ∆pmax increases with the working pressure. This means
that if QTF#1 operates at its resonance frequency at atmospheric pressure,
a pressure variation ∆pmax ∼ 56 torr(∼ 30 torr) will cause a decrease of the
QTF response of 95% of its maximum value, when the QTF operates at the
fundamental mode (overtone mode). At 50 torr, ∆pmax decreases to ∼ 25
torr (∼ 13 torr) for the fundamental mode (the overtone mode). Figure 5.14
reports values extracted for all QTFs, at 25, 80 and 760 torr.

Our results shows that ∆pmax depends both the geometry of the QTF
and the operating pressure. However, for all QTFs, an instability of the air
pressure within few torr will cause a decrease of the QTF response much less
than 5% with respect to the maximum value. Although the QTF operates
at a pressure as low as 25 torr, the obtained result suggests that a fine
adjustment of the QTF resonance frequency following the actual pressure
could be not critical.



Conclusions

In this thesis, an extensive investigation of the electro-elastic properties of
QTFs with different sizes have been reported. The dependence of the quality
factor and the resonance frequency from the dimensions of the QTF prong
have been investigated. The investigation was performed by an experimen-
tal setup allowing the acquisition of the spectral response of an electrically
excited tuning fork, in the pressure range between 20-760 torr. A set of tun-
ing forks differing in values of spacing between the prongs, their length and
thickness, and crystal thickness was realized and tested. All QTFs were ex-
cited both at the fundamental and the first overtone in-plane flexural mode.
The resonance frequencies showed a linear dependence on air pressure for
both modes. The quality factor rapidly decreases when the pressure in-
creases from 20 Torr to atmospheric pressure. This behavior suggested that
the tuning fork mainly losses energy via the interaction with the surround
viscous medium. The air damping mechanism was modeled by using an an-
alytical expression derived by Hosaka et al., in excellent agreement with the
experimental data. Other two mechanisms of losses, pressure-independent
and strongly depend on the prong geometry, were considered in the analysis:
support and the thermoelastic losses. The analysis proposed does not allowed
to separate these two contributions. However, the two mechanisms have op-
posite trends with the prong geometry: support loss contribution varies as
L3/T 3 while thermoelastic scales as T 3/L2. By using such dependences, our
results showed that support losses can be neglected at the fundamental mode
while became more relevant at the overtone mode. In particular, at the over-
tone mode support losses were the relevant mechanism of losses at very low
pressures where air damping can be neglected. Although the dependence
of the support losses on the prong geometry was verified, analytical models
proposed in literature do not allow to exactly calculate the contributions to
the overall quality factor due to support and thermoelastic losses. Hence,
this study showed the limit of analytical models. Other approaches, such as
computational methods (for example, finite element method analysis), are
mandatory for a precise prediction of the overall quality factor of a damped
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tuning fork.



Appendix A: LabVIEW-based
sofware for the electrical
characterization of tuning forks

Figure 5.15: Block diagram explaining the software used to scan the set of
QTFs investigated in this work: part of the software which performs prelim-
inary scansion of the QTF acquiring the frequency related to the maximum
output recorded.
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Figure 5.16: Block diagram explaining the software used to scan the set of
QTFs investigated in this work: part of the software which performs fine
scansion of the QTF.

Figure 5.17: Block diagram explaining the software used to scan the set of
QTFs investigated in this work: part of the software related to the subtrac-
tion of the component of the signal linearly proportional to the frequency
and acquiring the initial condition to perform the Levemberg-Marquardt al-
goritm.
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Figure 5.18: Block diagram explaining the software used to scan the set of
QTFs investigated in this work: software aimed to perform the Levemberg-
Marquardt algoritm in order to find the Lorentzian curve of best fit.



Appendix B: The Lock-in
Amplifier

A lock-in amplifier [27][28] is a laboratory instrument used to detect and
measure very small ac signal (down to a few nanovolts). Accurate measure-
ments may be made even if the small signal is obscured by noise sources
many thousands of times larger. Lock-in amplifiers use a technique known
as phase-sensitive detection to single out the component of the signal at
a specific reference frequency and phase. Noise signals, at frequencies and
phase other than the reference frequency, are filtered and do not affect the
measurement.

Block diagram of a Lock-in Amplifier
The aim of a lock-in amplifier is to measure the amplitude V0 of a sinusoidal
voltage signal:

Vin(t) = V0 cos(2πf0t) (5.27)
Lock-in measurements require a reference input voltage synchronous with
the signal whose amplitude has to be measured. Typically, an experiment
is excited at a fixed frequency (from an oscillator or function generator),
and the lock-in detects the response from the experiment at the reference,
ignoring everything that is not synchronized with it. The block diagram of
a lock-in amplifier is shown in figure 5.19. The lock-in consists of 5 stages:

1- AC amplifier. This is simply a voltage amplifier combined with variable
filters (with Q-factor in the range 10 - 100).

2- Voltage Controlled Oscillator (VCO). It is an oscillator that can syn-
chronize with an external reference signal both in phase and in fre-
quency. Some lock-in amplifier contain a complete oscillator and do
not need the reference signal. The VCO usually contains a phase shift-
ing circuit that allows the user to shift its signal phase from 0 to 2π
respect to the reference.
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Figure 5.19: Block diagram of the lock-in amplifier.

3- Phase sensitive detector (PSD). It is a circuit which takes in two voltage
as input V1 and V2 and produces an output which is the product V1V2

(i.e. a multiplier circuit).

4- Low pass filter. It is an RC filter, whose time constant can be varied
by the user.

5- DC amplifier. It is a low frequency amplifier.

Principle of operation
Following the signal path shown in figure 5.19 a voltage signal Vin is sent into
the signal channel input and amplified by the ac amplifier. Placing filters in
the ac amplifier is it possible to amplify only a narrow band of frequency
around f0, which is the one we are interested in. Let us call Gac the voltage
gain of the ac amplifier, then the output of the ac amplifier, which will become
one of the two inputs of the PSD (the multiplier stage) is:

Vac(t) = GacV0 cos(2πf0t) (5.28)

The multiplier produces an output voltage that is the product of the voltages
at its two inputs. The two multiplicands are the output of the ac amplifier
and the voltage VV CO given by the voltage controlled oscillator.

VV CO(t) = E0 cos(2πfV COt+ ψ) (5.29)

When two sinusoidal signals at frequencies f1 and f2 are multiplied, their
product may be represented by the sum of two new sinusoids, one having a
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frequency equal to the sum f1 + f2 and the other at the difference f1 - f2. As
a consequence the output of the PSD will be:

VPDS(t) = Vac(t)VDCO(t) =
1

2
GacV0E0(cos(2π[f0+fV CO]t+ψ)+cos(2π[f0−fV CO]t−ψ)

(5.30)
Thus PSD output is made of two ac signals, one at the difference frequency
(2π[f0 − fV CO]) and the other at the sum frequency (2π[f0 + fV CO]). If the
PSD output is passed through a low pass filter, the ac signals are removed
and in the general case the complete signal will be filtered. However, if
f0 = fV CO, the difference frequency component will be a dc signal. In this
case, the filtered PSD output will be:

VPSD(t) = GacV0E0cos(2πf0t)cos(2πf0t+ ψ) (5.31)

For simplicity, assume that the VCO output is in phase with the signal that
is being measured, i.e. ψ = 0. Using a well-known trigonometric identity, we
may write:

VPDS(t) =
1

2
GacV0E0(cos(4πf0t) + 1) (5.32)

The amplitude of the second harmonic and the dc voltage are both pro-
portional to V0, therefore we can throw away the information at 2f0 and
concentrate only on the dc component. This is done by sending the PSD
output in a low-pass filter, which will strongly attenuate the second har-
monic component of the signal. The output of the low-pass filter is then
amplified further by the dc amplifier. The final output voltage is a dc volt-
age directly proportional to the amplitude V0 we were trying to measure will
be:

Vout =
1

2
GacGdcV0E0 (5.33)

where Gdc is the gain of the dc amplifier.
It is important to underline that the low-pass filter has not only the

merit of having eliminated the second harmonic component, but it is also an
integrator stage and hence much of the random noise in the dc output of the
multiplier will integrate to zero.

Magnitude and Phase
Let us consider the general case ψ 6= 0 in eq (5.31). Using the trigonometric
product to sum identity for cosine, we may write:

VPDS(t) =
1

2
GacV0E0(cos(4πf0t+ ψ) + cos(ψ)) (5.34)
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Therefore the PSD dc output is now proportional to V0 cos(ψ) , where ψ is
the phase difference between the signal and the lock-in reference oscillator
and it is constant in time. By adjusting ψ with the phase shifting circuit
of the VCO, we can make it equal to zero and measure V0 (cos(ψ) = 1).
Conversely, if is π/2, there will be no output at all. A lock-in with a single
PSD is called a single-phase lock-in and its output is V0 cos(ψ). This phase
dependency can be eliminated by adding a second PSD in parallel to the
first, which multiplies the signal with the reference oscillator shifted by π/2:

VV CO = E0 cos(2πf0t+ ψ + π/2) (5.35)

and the low pass filtered output will be:

VPDS2(t) =
1

2
GacV0E0(sin(4πf0t+ ψ) + sin(ψ)) (5.36)

whose dc component is proportional to V0 sin(ψ). Now we have two outputs:
one proportional to cos(ψ) and the other proportional to sin(ψ). Usually, the
first output is called X and the second Y:

X = V0 cos(ψ), Y = V0 sin(ψ) (5.37)

These two quantities represent the signal as a vector related to the lock-in
reference oscillator. X is called the in-phase component and Y the quadrature
component. This is because when ψ = 0, X measures the signal while Y is
zero. The phase dependency is removed by computing the magnitude R of
the signal vector:

R =
√
X2 + Y 2 (5.38)

R measures the signal amplitude and does not depend upon the phase be-
tween the signal and lock-in reference. A dual-phase lock-in has two PSDs
with reference oscillators π/2 apart, and can measure X, Y and R directly.
In addition, we can always recover the phase between the signal and lock-in
as:

ψ = tan−1(Y/X) (5.39)
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